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Abstract. This paper relates questions about factorizations of positive matrices
to properties of analytic reproducing kernel Hilbert spaces. In particular the
question of when the polynomials are dense in a reproducing kernel Hilbert space
is related to the factoring of an associated positive matrix into the form UU*
where U is an upper triangular matrix. An emphasis is placed on factorization
and reproducing kernel methods as opposed to function theoretic methods.
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Introduction

Let A = (a;;) be the matrix of a positive operator on [* with respect to
the canonical basis. It is well known that such an operator may always be
expressed as A = U*U with U upper triangular. One way in which this can be
done is by applying the Cholesky algorithm. What is less well known is that,
in general, such an operator can not be expressed in the form A = UU* with
U upper triangular. This can be deduced from several places in the literature,
most notably, S. C. Power [8] , where the case of doubly infinite matrices is
treated.

In this paper we relate questions about such factorizations to properties of
o0

the reproducing kernel Hilbert space H(A) with kernel K (z,w) = Z ai ;2w
i,j=0

In particular we prove that A factors as UU* if and only if H(A) contains

a dense set of polynomials. Moreover we show that every such A admits a

unique decomposition A = Ay + Ay where A; = U1U{ and Ay is completely

nonfactorable in the sense that if UsUs < A with Us upper triangular, then

Uy =0.

When A is the Toeplitz matrix of some positive L> function on the circle,
ie, A=1T4 , ¢ > 0, then we show that U; can be taken to be an analytic
Toeplitz matrix U; = T,. In this case we obtain a decomposition
Ty = TyTy + Ty = Tig2 + Ty, ¥ > 0, and hence ¢ = [g|* + ¢. This leads to
another version of the Szego alternative: The reproducing kernel Hilbert space
H(Ty) either contains a dense set of polynomials or no nonzero polynomials and
this depends, respectively, on whether log|¢| is integrable or not.

Because of the connection with analytic reproducing kernel spaces our results
extend readily to the multi-variable and operator-valued cases.

When A = (A;;) is the matrix of a positive operator on [?(n) ® C for
some fixed Hilbert space C, then we obtain the analogous decomposition A =
U,Uf + As with Uy block upper triangular and Ay completely non-factorable.
When we apply this to a positive operator valued function ® on the circle we
show , ® = G*G + ¥ where G extends to be analytic on the disk and V¥ is com-
pletely non-factorable. In this way, we obtain a new proof of the Wiener-Masani
decomposition.

If A= (a,,)is the matrix of an operator on 1> ® --- ® [* (n copies) with
respect to the standard basis e, = ¢;, ® --- ®e;,, I = (i1,-++ ,ip), then as
above A decomposes uniquely as A = A; + Ay where A; = UUf with U,
“upper triangular” and A completely non-factorable. Here Uy = (u, ,) “upper
triangular” means that u, , = 0 unless i, < ji, forall k =1,--- ,n.

The results concerning the space H(T}) are closely related to the recent
work of Ben Lotto [4] and Don Sarason [10] concerning properties of de Brange
spaces and their multipliers. There is also overlap with the work of de Brange,
Rovnyak, and Rosenblum [3,9], as well as the extensive literature on factoriza-
tion of positive operator valued functions going back to the work of Wiener and
Masani [11]. For general properties of reproducing kernel Hilbert spaces the



reader is referred to [2,4,5].

Our paper seeks to emphasize the techniques of reproducing kernel Hilbert
spaces and factorization of matrices as opposed to a function theoretic approach.
The authors would like to thank Eric Nordgren for pointing out an error in a
first draft preprint.

Section 2. A Model for Analytic Reproducing Kernel Spaces
In [1] a range space model for analytic reproducing kernel spaces of functions

defined on a neighborhood of 0 in the complex plane was given and studied.
In this section we extend that model to include reproducing kernel spaces of
functions that take on values in some Hilbert space and that are defined and
analytic in some neighborhood of 0 in C". Recall that if C is a Hilbert space,
and G is an open subset of C”, then by an analytic reproducing kernel space
of C-valued functions on G, we mean a vector space of analytic C- valued
functions on G which is equipped with a norm making it a Hilbert space and
which satisfies the additional property that for every w € G the evaluation map
E, : H — C defined by E,, f = f(w) is a bounded linear map. In this case the
map w — E,, from G into B(H, C) is analytic and the function K : GxG — B(C)
defined by K(z,w) = E,E? is analytic in z and coanalytic in w. The function
K is called the reproducing kernel for H, and it is positive definite in the sense
that, given z1,--- ,2, € G and z1,--- ,x, € C,

n

(%) Z < K(zi,zj)xj,x; >, > 0, where the inner product is taken in C.
3,j=0
Conversely given any K : GxG — B(C) which is analytic in the first variable,
coanalytic in the second, and which is positive definite (i.e., satisfies (x)) then
there is a unique analytic reproducing kernel space of C-valued functions on
G for which K is the reproducing kernel. This space is the completion of the
n

functions of the form f(z) = ZK(z,wj)xj for wy, -+ ,wp, € G, 21, - ,x, €C
j=1
arbitrary, with respect to the inner product , < K (z,w1)z1, K(z,wa)xs >, =<
K (wa,wy)x1,22 >,. See [5] or [6] for details.
Let N = {0,1,2,---} denote the set of non-negative integers and let n be
a fixed positive integer, then the set N” is partially ordered by setting I =
(i1, yin) > (J1,°+ yjdn) = J if and only if 4 > jp for k =1,---n. If z =
(21, ,2n) € C™ then we set 2/ = 2i* ... zin,
Let H be an analytic reproducing kernel space of C-valued functions on G and
assume that G contains 0. Then E, has a power series expansion, E, = Z 2By
>0
, where By € B(H,C) and consequently, K (z,w) = Z 1w! By B for z, w in
1,J>0
some neighborhood of 0. It is easy to see that the matrix A = (BrB%)r,s>0 is
formally positive, in the sense that if {x,}jenn is any collection of vectors in
C, with only finitely many non- zero terms , then Z < BrBjx,,x, >, > 0.
1,J



Conversely, if A = (Ar,y)
ZZI@JALJ converges on some polydisk, then K(z,w) is positive definite on
that polydisk. Hence K;(z,w) < K3(z,w) if and only if
(A7) < (47 ).

Let {e;}2°, denote the standard orthonormal basis for I? and set 1*(n) =
I?®---®1? (n copies) which has orthonormal basis e, = ¢;, @ ---®e; , [ =
(i1, ,in) € N™. Every vector x in [*(n) ® C has a unique representation
asx =Y ,e, @z, with z, € C and ) |jz,||*> < 4o00. If A € B(I*(n) @ C)
then A has a representation as A = (Ay y) where each A; ; € B(C) and Az =
e ® (o A ;). Moreover if A is a positive operator, then (A ;) is
formally positive, and K (z,w) = 3" z/w” Ar ; converges for z and w in the unit
polydisk D".

Thus to every positive operator A = (Ay ;) in B(1*(n) @ C) we have an
associated analytic reproducing kernel Hilbert space of C-valued functions on
D™ which we’ll denote by H(A).

Conversely, if H is an analytic reproducing kernel Hilbert space of C-valued
functions on a domain G in C", then by a translation and rescaling we may
assume that G contains the closed unit polydisk so that K (z,w) = 3" 2'w’ A; ;
and one can show that A = (Ar s) defines a bounded positive operator on
B(?(n)®C) .

Hence, letting A range over the bounded operators on B(I?(n) @ C), up to
some equivalence, one obtains all the reproducing kernel Hilbert spaces of C-
valued functions on any domain G in C”. What we now wish to do is describe
a model for these as range spaces which extends the model described in [1].

Recall that if M is a Hilbert space and B € B(M), then the range space
R(B) is the Hilbert space one obtains by equipping the range of B with the
norm, ||y||r(s) = ||z||a, where z is the unique vector in kernel(B)* satisfying
y = Bz. Thus, R(B) is a vector subspace of M , but with a different norm.

Az, 7in B(C), is formally positive and K (z, w) =

1,0J>00

Theorem 2.1. Let A = (As j) be a bounded positive operator in
B(I*(n) ® C), so that H(A) is an analytic reproducing kernel Hilbert space of
C-valued functions on D". If A = BB* with B € B(I*(n) ® C), then the map
U :R(B) — H(A) defined by U(Y e, ®y,) = >, 2'y, is unitary.

Proof. Consider the space of power series H = {f(2) = >, 2y, : y € R(B)}
endowed with the norm, || f|| = ||y|lrs). If y = Bz and

w = (wi,-- ,w,) € D", then | Y w'y, (12 < [[{w |, 19,1}z, <
- 1

O 1wlPHY20 Ny )2 < (] m)w 1Bl - llz|l =
i=1 v

1
(H m)lp Bl - 1yl x (s, - Hence H is a space of C-valued analytic func-
i=1 !

tions on D" and evaluation at w is a bounded linear functional for each w in
D"



By the definition of H , the map U : R(B) — H defined as above is unitary
and so we can complete the proof by showing that H = H(A). To do this it
will be sufficient to show that the two spaces have the same reproducing kernel.

To this end let v € C and let f(2) = » zf, bein H where f, = > By y,.

J

I
Recall E, : H — C is given by E,h = ZthI for each z € D™ and h € H.
I

Thus if w € D™ | then E} : C — H and there exists z in [2(n) ® C such that
Br = Ejv. Hence <,y >, = =<Ejv, f>,=< U,Zwlf, >.=

1

I T T

<w, E w' Br jy, >.= g <w'v,Bryy, >, = E < E Bl j0 vy, >. =
1,7 1,7 J Ji

where ¢ = Ze, @@ v € 1?(n)®C. Since y € (ker(B))*,
I
< B,y >, ,.=< PB*0,y >, . where P : ?(n) ® C — (ker(B))*.
Hence 2 = PB*0 and Bz = BPB*6 = Ai = » e, ® A; jw’v. Thus E.Ej,v =
1,J
Z 2! A; yw’v. This shows the two kernels are the same. O
1,J

< B*0,y >

12(n)®c

Remark. The above theorem gives a very concrete condition for a power series
to belong to the space H(A). Namely > 2fv; € H(A) if and only if Y e;®v; €
R(AY?). Tt is useful to recall that if BB* = CC* then R(B) = R(C).

Let Sk € B(I?(n) ® C) denote the shift operator in the k-th component, i.e.,
Sk(er ® v) = erys, ® v where §;, € N™ is the vector which is 1 in the k-th
component and 0 elsewhere.

Theorem 2.2. If A € B(I?(n) ® C) is a bounded positive operator, with
A = BB¥*, then multiplication by the k-th coordinate function z; is a bounded
operator on H(A) if and only if SyR(B) C R(B). Moreover if this is the case,
and U denotes the unitary operator of Theorem 2.1, then M,, U = USj.

Proof. If Sy R(B) C R(B), then by the Closed Graph Theorem S) defines a
bounded positive operator on R(B). Hence US,U ™! is a bounded operator on
H(A) which is easily seen to be M, . The remaining facts follow similarly. O

Section 3. Reproducing Kernels and Factorization

Let U = (Uy.y), I,J € N*, Ur,; € B(C) be a bounded operator on [?(n) ®
C. We shall call U n-upper triangular if Uy ; = 0 unless I < J. When
n =1 and dim(C) = 1 this definition reduces to the usual definition of upper
triangular and is equivalent to requiring that U € alg(N') where A is the nest of
projections N' = { Py, P, P», - - - } with P, denoting the projection onto the span
of {eg,e1, - ,ex}. If dim(C) =1 and n > 1, then U is n-upper triangular on
12(n) if and only if U € alg(N)®- - -®alg(N') (n copies). Thus, when dim(C) > 1



our definition of U being n-upper triangular is equivalent to requiring that U
belong to a tensor of nest algebras with the nest of multiplicity dim(C).

We call a function f : C™ — C a polynomial if there exists a finite collection
of vectors v, € C, I € N™ such that f(z) =Y 2%v,. We call maz{|I| : v, # 0}
the degree of f , where [I| =41 + -+ + iy.

Theorem 3.1 . Let A = (A ;) be a bounded positive operator on [*(n) ® C
and let H(A) denote the analytic reproducing kernel Hilbert space of C-valued
functions with kernel K (z,w) = 3 z'w’A; ;. Then there exists a bounded
operator on [2(n)®C, U = (Uy ;) which is n-upper triangular such that A = UU*
if and only if the polynomials in H(A) are dense in H(A).

Proof. Assume that A = UU* with U n-upper triangular. Let Py be the
projection of (I?(n)®C onto the span of {e;®v : |I| < k, v € C. The isomorphism
of Theorem 2.1 carries y € R(U) to a polynomial of degree less than or equal to
k exactly when Pyy = y. Thus to prove that the polynomials are dense in H(A)
is equivalent to proving that for every y € R(U) there exists yi, € R(U) R (Px)
such that ||y — yx|lr@w) — 0. Let y = Uz and set xp = Pyx. Since U is
n-upper triangular PyUz, = Uxyp. Thus y, = Uz, € R(U) N R(Px) and
1y — vkllr@) < llz — zk|[ — 0 as k — oo.

Conversely, assume that the polynomials are dense in H(A). Let Hy, C H(A)
be the subspace spanned by polynomials of degree at most k. Then Hy is an
analytic reproducing kernel Hilbert space and has a reproducing kernel Ky (z,w)
that can be expanded as a power series K (z,w) =Y zI@JA’}"J . It is not hard
to see that A’}’J = 0 unless |I| < k and |J| < k, and that Ay = (AI;,J) is a
bounded positive operator on [2(n) ® C, with Aj, < Apy1 < A.

Since U Hj, is dense in H(A) we have that A is the strong limit of the A’s.

k>0

To see this, first note that if Ay — Ay = AY2z then [|Ay — Apy|| <
|4V 2]] and so || Ay—Agyl] < [|AY2][[|Ay— Ayl v - Since A = Ay+By.
B = A — Ay corresponds to an orthogonal decomposition of H(A) we have
that H(Ax) N H(By) = (0), i.c., that R(4,*) N R(B,/*) = (0). Finally since
Ay = AV2(AY2y) € R(AY?) decomposes as Ay = Apy-+ By we see that the or-
thogonal projection of the function in H(A) corresponding to Ay onto H(Ay) is
just Apy. But since the polynomials in H(A) are dense , || Ay—Axy||g(a1/2) — 0.

Set Cyp = Ap and for k > 1, Cp, = Ap — Ag_1 so that each Cp > 0 and
A =", C} in the strong topology. If we let Cj, = (C’}“,J), then Cy ; = 0 unless
[I| <k and |J| < k.

Factor C = BB}, with B, = (B?J) and B}’C’J = 0 unless |I| < k and
|J] <k (so for example we could set By = C,i/z).

Let § = (1,---,1) € N™ and define a sequence of integers {my} by mg = 0,
mry1 = mg + k + 1. Define Uy = (UI’“J) by setting Uy = By, UI’“J = 0 for
J < myd, and U}“’J = Bfﬂ,_mk& for J > my6. That is Uy, is the matrix obtained
from By by translating the J-th column of By, , my, -  units. Since Bf ; =0



unless |I| < k (which implies I < kd ) and U ; = 0 unless J > my, - § , we have
that U f ;7 = 0 unless I < J and hence U}, is n-upper triangular for all .

Note that Uny = 0 unless mpd < J < (my + k)d and that for & # j no two
of these order intervals intersect. Hence, UyU; = 0 for k # j.

o0
Thus, if we let U = ZUk be the strong sum of these operators, then U
k=0

is m-upper triangular and UU* = Z UpU; = Z By Bj, = A, which completes
k=0 k=0
the proof of the theorem. [J

Theorem 3.2. Let A be a bounded positive operator on [2(n) ® C. Then there
exists a unique positive operator A; satisfying:

i) A <A

ii) A; factors as UU* with U n-upper triangular;

iii) if W is n-upper triangular and WW* < (A — A;), then W = 0;

iv) if U is n-upper triangular and UU* < A, then UU* < A;.

Proof. Let H; C H(A) denote the closure of the polynomials in H(A) and
set Hy = H(A;) so that A; < A. By Theorem 3.1, A; factors as UU* with U
n-upper triangular.

Let Ay = A — A;. Since H(A;) C H(A) and the norms agree, we have that
H(As) = H(A) & H(A1). Now if WW* < A, , then HWW*) C H(A3) C
H(A). But by Theorem 3.1, the polynomials are dense in H(WW™*) and hence
H(WW*) C H(A;), from which we obtain that H(WW™*) =0 and so WW* =
0.

If UU* < A, then H({UU*) C H(A) and since U is n-upper triangular, the
polynomials in H(UU™*) are dense in H(UU*) in the H(UU*)-norm. But the
H(UU*)-norm dominates the H(A)- norm and hence H(UU™*) is contained in
the closure of the polynomials in H(A), which is H(Ay). Since H({UU*) C
H(Ay) and for [ € HUU"), |f lnwoey > |1 flca = 1f]ncay, we have that
UU* < A;.

Finally, assume that A, has properties i) through iv). Then Ay = UsUs and
so by iv), Ay < A;. Similarly, Ay < Ay and so A; = As. O

We now wish to relate our decomposition of a positive operator to the Wold-

Zasuhin decomposition of Power[8]. To this end let C' = (Ci,j):fi—oo be a posi-
“+o0

tive operator on Z @C; where each C; = C. Power[8] provides a decomposition
— 00

of C = C oo+ U*U where U = (Uy )2
unless ¢ < j , and C_ is positive.
To see the relationship between this decomposition and ours, let A = (4; ;)

is upper triangular, i.e., U; ; =0

+oo

i,j=0
+oo !
be a positive operator on 1> ® C = Z@Cj, C; = C and define C = (C’@j);—ffi7m



by C;; =0ifi>0o0rj>0and C;; = A_; _; fori < 0 and j < 0. Then
C' is a positive operator and by Power[8], C = C_o + U*U, C_» = (B;;),
U = (U;;). Since C;j; = 0fori >0, u;; = B;; =0 unless ¢ < 0 and j < 0.
Substituting —: for ¢ and —j for j makes U lower triangular and we obtain,
A= (B_L_j):joio + L*L, where L = (U—i,—j);“:;io and L* is upper triangular.
Thus the Wold-Zasuhin decomposition yields a decomposition of A = R+ VV*
with V upper triangular and R positive. We shall prove that VV* = A; of
Theorem 3.2.

We start by recalling Power’s construction. If H is a Hilbert space with
an orthogonal decomposition H = H; @ Hy and A = ;* i is the matrix
of a positive operator relative to this decomposition, then the strong limit of
b(c+ %)_1/2 exists and defines an operator d, satisfying dc'/? = b. The operator

Rz@(g Cfd/Q)(;* 010/2>—(dbc,{ lc))islessthanAandamongall

positive operators of the form B = Zi satisfying B < A it is minimal
[8, Lemma 1]. Power calls R the Ha-minimal part of A. Consequently, among
all positive operators of the form P = ;8 8 which are less than A we see

that the maximal one is given by taking p = a — dd*.
Assume we are given a Hilbert space C and a positive operator A = (A 5) on

I2(n) ®C. If k is a non-negative integer, let C(k) = Z @Cy and relative to the
\T|<k

decomposition 12(n) ® C = C(k) ©C(k)* , let Ry, = (Rs ;(k)) denote the C(k)*-
minimal part of A and set P, = (P, ;(k)) = A— R, > 0. Then P; j(k) =0
unless |I| < k and |J| < k. Since the compression of Ry, to C(k+ 1)~ is equal to
the compression of A to C(k+1)* , by the minimality condition Rj, > Rj;1. We
let R denote the strong limit of this decreasing sequence of positive operators.
When n = 1 this is the construction employed by Power in his construction of the
Wold-Zasuhin operator. We wish to connect this operator with our reproducing
kernel Hilbert space constructions.

Lemma 3.3 Let A = ( ;* i ) be the matrix of a positive operator on H1®&H-

and let R = ( 8 032 ) ( ;* 010/2 ) be the Ho-minimal part of A. Then

R(RY?)NHy = (0) and R((A — R)'/?) C H,.
a—dd* 0

Proof. Since A—R = ( d* 0 ) , R((A—R)Y/?) C H;. Since R(R'/?) =
R (( 8 032 >) , it will be enough to prove that if ¢'/2hy = 0, then dhy = 0.

But since < boi IC) ) is positive, chy = 0 implies bhy = 0. Thus, if ¢'/2hy =0 |



then b(c + 1)~1/2hy = 0 and hence dhy = 0. O

Theorem 3.4. Let A = (A; ) be a positive operator on [?(n) @ C, let
Ry denote the C(k)*- minimal part of A, let Hy denote the subspace of H(A)
consisting of polynomials of degree at most k£ and let P, be the matrix of its
reproducing kernel. Then A = P + Ry, and consequently H(Ry) = H,i-

Proof. We must prove that H(A — Ry) = Hy and that the norms agree.

We have that H(A) = H(A — Ry) + H(Ry). By Lemma 3.3,
R((A— Rp)*) N R(R,lc/Q) = (0) and hence by Aronszajn[2, page 353], H(A —
Ry) L H(Ry,), and since R((A — Ri)'/?) C C(k) we have that H(A — Ry) C Hy,
, isometrically. If H(A— Ry) # Hy, then there would exist f € HyNH(A— Ry)*
so that f € Hp N H(Ry). If we write f = Z z'v,, then by Theorem 2.1,

=

Z e, v, € C(k) ﬂR(R,lc/z). However, again by Lemma 3.3 C(k) ﬂR(R,lc/z) =
[II<k
(0). Consequently H(A — Ry) = Hy, isometrically, and so A — Ry = Py, which
completes the proof of the theorem. [J

Corollary 3.5. If A = (Ay ) is a positive operator on I2(n) ® C , R denotes
the Wold-Zasuhin operator for A , and P denotes the operator for the closure
of the space of polynomials in H(A), then A = R+ P.

Proof. Since Pj increases strongly to P, we have that A — P, = R} decreases
strongly to both R and to A — P, hence A— P =R. [

Proposition 3.6. Let A = (A; ;) be a positive operator on [?(n) ® C. The
following are equivalent:

i) H(A) contains no polynomials;

ii) if U is n-upper triangular and UU* < A, then U =0 ;

iii) for every k , the C(k)*-minimal part of A is A;

iv) A = R, the Wold-Zasuhin part of A.

Proof. If UU* < A, then H(UU*) C H(A). But since H(U) clearly contains
the polynomials, we see the equivalence of i) and ii).

By Theorem 3.2, H(A) contains no polynomials if and only if A; = 0 and
hence if and only if A = R, the Wold-Zasuhin operator for A. But for each k,
A > Ry > R where Ry, is the C(k)*- minimal part of A. Hence, H(A) contains
no polynomials if and only if A = Ry = R for all k. The equivalence of iii) and
iv) is clear. O

Using the reproducing kernel methods it is fairly easy to produce examples
of the above decomposition.



Example 3.7a) Let ag,a1,--- be a square summable sequence, and let A =
(a;a;). Then H(A) is the 1-dimensional subspace of H(D) spanned by > a;2".
Hence if infinitely many of the a;’s are nonzero then A = R and we are in the
case of Proposition 3.6.

b) Let g(z) = ap + a1z + - -- be analytic on D and chosen such that g - H?(D)
contains no polynomials. For example g could be any nonzero analytic function
which vanishes on a non- Blaschke sequence. Then setting [lgf[l = [If]l 24,

makes g- H*(D) a reproducing kernel space of analytic functions on D with ker-
nel K(z,w) = M [1,Propositionl.6]. If for r < 1 we let H = {g(rz)f(rz) :

—zZWw

f € H?} then H is a reproducing kernel space of functions on the disk of radius
r~1, with kernel % and H = H(A) where A = D, Ty, Ty D, is a bounded
positive operator on 2. Here g,(¢?®) = g(re??), and D, is the diagonal operator
whose k-th diagonal entry is 7. Since H(A) contains no polynomials , we have
A=R.

c) Let g be as above and consider H = gH? ® H? with ||(gf1, f2)|I? = || f1]]? +
[ f2/[*. Then [1, Example 1.6] H is a reproducing kernel space on D with kernel

%ﬁj’%w). If for r < 1 we let H. = {(g(rz)fi(rz), f2(rz))} as above, then
H, = H(B) where B = D + A, with D the diagonal operator with diagonal
entries d; ; = r?* and A as in b). The operator B is a bounded positive operator

on [? and we have that B=A; + Rwith A, =D, R=A. O

We close this section with a couple of results on the Wold-Zasuhin part of
an operator.

Proposition 3.8. Let A = (4; ;) be a positive operator on [2®C of finite band
width. Then the Wold-Zasuhin part of A is 0 and consequently the polynomials
are dense in H(A).

Proof. Suppose A;; = 0 for |i — j| > n. If we apply the usual Cholesky
algorithm we obtain a factorization A = LL* with L = (L; ;) lower triangular,
ie, Lj; = 01if i < j. Moreover L has the same finite band width, L; ; = 0 if
i > j 4+ n. Define an operator U = (U, ;) by setting U; ; = 0 for j < n and
Ui; = L; j—n for j > n, ie., the j-th column of L is the (j 4+ n)-th column of
U. Then U is upper triangular and UU* = A, hence the Wold-Zasuhin part of
A must be 0. O

Proposition 3.9. Let A = (4; ;) be a positive operator on [> ® C and let
S = S; ® 1, where S; is the unilateral shift on (2. If R is the Wold-Zasuhin
part of A, then S*RS is the Wold-Zasuhin part of S*AS. Consequently, if the
polynomials are dense in H(A), then they are dense in H(S*AS).

Proof. Recall the construction of R, we obtain it as the limit of

ViV)e By Ay By .. .. .
( B G ) where ( B G is the decomposition of A relative to C(k)®

10



1
C(k)* and Vj = s- lim By(Cy + —)~'/2. Since
n—oo n
s—klim Cr = s—klim By, =0 we have R = s—klim Vi V.

Now if ( g’: ?,k ) denotes the decomposition of S*AS relative to
k k
C(k)@®C(k)* , then we have that Fy, = Cjy1 and Ej, = Sj, By, 1 as operator ma-
o I 0 --- 0
trices where Sy = [ .. .. .. | iskx(k+1). The Wold-Zasuhin
0 -« - 0 I

1
part of $*AS is the s-limit of Wi W where Wy, = s- lim Ey,(Fj + 7)*1/2 =

1
S- lim SkBr+1(Cry1 + 7)71/2 SkVia1. Since S* = s- hm Sk, S =s- hrn Sk
, and R=s hm ViV, s hm Ska+1Vk+1Sk =S5*(s hm ViVi)sS = S*RS

from which the result follows D

In the case n = 1 with A = (4; ;) a bounded positive operator on I* ® C
decomposed as A = P+ R it is possible to describe a canonical factorization of
P = UU~* with U upper triangular. Let Py be the positive operator such that
H(Py) is the subspace of H(A) of polynomials of degree k, each Py has a k x k
block of non-zero entries, and P < Py for all £ > 0.

Proposition 3.10. For every k, Pj,1 — Py is the C(k)1- minimal part of Py;.

Proof. Clearly, P — Pj agrees with P; when restricted to C(k)*. Hence it
is enough to show that it is the minimal such positive operator. Alternatively,
we must show that for every positive operator R, with R < P41, Rx =0forx €
C(k)* , we have that R < Py. Since R < Pyy1 we have that H(R) C H(Ppy1)
and since Rr = 0 for € C(k)*, H(R) consisits of polynomials of degree at most
k, so that H(R) C H(Pg). Now for f € H(R), [|fll,yn) = Ifllr, ) = ey
and hence R < Py, as desired. [

C1
. 0 : 0 0
By the above result we have , applying the Cholesky result, P41 = : . . 1/2%
Ck €1 o G Cpyq
/2

0
P, where c1q is the (k + 1,k + 1)-entry of Pxy;. Denote this operator by

Clg+1 so that C’k+1C;+1 = Pxi1 — P, and Cjyq is only non-zero in the first
k + l-entries of the (k 1) st column Set C = P01/2, and note that P =

PO+Z Pip1— Px) = chck = ch ch Thus if we let U = ch
k=0

then U is upper trlangular and UU* = P. ThlS particular factorlzatlon U =

(U;.;) has three additional properties:

1) the diagonal entries of U are positive;

11



2) for each k , if we take the decomposition of U relative to C(k) ® C(k)* as
k
Uer B * x
U= ( 0 v ) then UpUy = C;C; = Py;
=0
3) the kernel of U; ; contains the kernel of Uj ; for all ¢ and j.

It is not hard to see that 1) , 2) , and 3) uniquely determine the entries of
U for if the first (k 4 1)-entries in the (k 4+ 1)-st column of Py are Bg,--- , By ,

then Uy x = B,'* and U, ,B,/* = B;, since URU} = P. Since by 3)
1
ker(By) C ker(Us; k) , then U, , = s- lim B;(By + g)_l/Q.
n—oo

Note R(Uy) can be identified with H(Py) , the subspace of H(A) of poly-
nomials of degree at most k. It is not hard to show that if V is any other
Vi By
0 Wy
C(k) & C(k)* |, then Vi, V¥ < Py. Hence we call the unique factorization of P as
UU* satisfying 1) , 2) , and 3) obtained above the mazimal factorization.

upper triangular operator with VV* = A and if V = ( > relative to

Section 4. Toeplitz Operators
Let ®,, € B(C) be given so that the Toeplitz operator Tp = (®;_;) is a
bounded positive operator on [? ® C. In this section we apply the results of the
previous sections to study the reproducing kernel space H(Ts).
We set S = S ® Ie where S is the unilateral shift on 2. We let M, denote
the operator on H(Tg) defined by (M, f)(z) = z2f(2).

Theorem 4.1. Let Tp = (®,_;) be a bounded positive operator on 1? @ C.
Then the following are equivalent:
i) M, is bounded on H(Ts);

i) if f(2) = Z 2"vy, is in H(Ts), then the constant function vy belongs to

n=0

H(To);
9] k

iii) if f(z) = Z 2"vy, is in H(Tg) , then Z 2"vy, is in H(Tg) for each k.
n=0 n=0

Proof. By [2, page 383], we have that M, is bounded if and only if
STeS* < cTe for some constant c. But ST5S* = ( 8 79 > = FETsFE

@
0

where F = Ie

. Hence M, is bounded if and only if
ETsE < cTg for some c. But this latter condition is equivalent to
R(ET;)/Q) C R(T;)/Q) , which is equivalent to requiring that if

Z Uy @€, € R(qu)ﬂ) , then Zvn e, € R(qu,/Q) . Thus, M, is bounded if

n=0 n=1

12



and only if Zvn ® e, € R(qu)/?) implies vg ® eg € R(T(Il,/2). Applying the
n=0
remark after Theorem 2.1, we see the equivalence of i) and ii).
Clearly, iii) implies ii). But if i) holds then M, is bounded and hence MF is
bounded. Applying the above argument with S replaced by S* completes the
proof that ii) implies iii). O

Proposition 4.2. If T = (®,_;) is a bounded positive Toeplitz operator on
1?®C and Tp = P + R is the decomposition of Ty given by Corollary 3.5, then
P and R are Toeplitz.

Proof. Note that S*T3S = T4, hence by Proposition 3.9, S*RS = R which
implies that R and hence P are Toeplitz. U

Since $*TpS = Ty we have that S*R(Ty/%) = R(S*T3/?) = R(Ty/?) and
hence S* defines a bounded operator on R(qu)/z). Since S*S = I on R(T;)/Q),
S* is a coisometry on R(Tém) and ker(S*) = {vy ® e € R(Té/z)}.

Example 4.3. It is possible for T to factor with M, not bounded on H(Tg).
To this end let By,B; € B(C) and consider Ty = TyTy, where Ty = (¥,_;) is
the upper triangular Toeplitz operator with ¥y = By,W_1 = By, and ¥,, =0
for n # 0,—1.

Assume that as subspaces of C, ran(By) L ran(By) and ker(By) = ker(B;) =
0. If 0 # vp = Byx is orthogonal to ran(By) , then vy + zBoxy is in H(Tg) but
vg is not in H(Tg) and hence M, is not bounded.

Theorem 4.4. Let Tp = (®;_;) be a positive Toeplitz operator on ? ® C and
let Q,, = ((bi_j)?;j:O' The following are equivalent:

i) M, is bounded on H(Ts);

i) if vo + v12 + - -~ is in H(Ty), then vy € R(®?):;

iii) for each n, if vo+---4v, € H(Ts) , then vg®eg+ -+ v, ®e, € R( 3/2);
iv) for each n the polynomials in H(Ts) of degree n all have the form vy + - - -+
v 2" for vg ®eg + -+ + v, e, € R( 71/2)-

Proof. This is a restatement of Theorem 4.1. Note that if we write Tp =
n Bn 1z 0 1/2 X .
( gfl C, > - ( );n Drl/z 8 D,172 , then vg +viz+--- isin

oo /2
H(Ty) ifandonlyif’;)vk@?ek“z(( X, D, ))D

In contrast to Example 4.3 above we shall show that in the scalar case, i.e.
, when C = C and Ty = (¢i—;), ¢ € C , then M, is bounded on H(T}y) if and
only if T} factors.

13



Theorem 4.5 Let Tp = (®;_;) be a bounded positive Toeplitz operator on
12 ® C. Then the following are equivalent:
i) The polynomials are dense in H(T});
ii) Te = UU* with U upper triangular;
ili) Te = TeT¢ with T upper triangular and Toeplitz.
Moreover, if U is the maximal factorization of Ty , then U is Toeplitz.

Proof. Clearly iii) implies ii) and ii) implies i). Assume i) and let Tp = UU*
be the maximal factorization. We will prove that U is Toeplitz.
Recall that R(T;/Q) is S*-invariant and that S* acts as a coisometry on

R(T(;m) with kernel R(Pol/2) , where Py is the positive operator such that
H(Py) C H(Ts) is the space of polynomials of degree at most k. Since H (P —
Py) is the subspace of H(Tg) of polynomials of degree at most k, which are
orthogonal to the constant polynomials, S* acts isometrically on
R((Py — Py)'/?) mapping it to R(Pklizl) . Thus, S*(P,— Py)S = Py for k > 1.
Since R(S*Pi/?) = (0) , S*PyS = 0. Thus S*P,S = Py_1.

Hence if the first (k+ 1)-entries of the (k4 1)-st column of Py are By, ..., By
then the first k-entries of the k-th column of P,_q are By,..., Bs.

Thus, by the definition of the maximal U we have that

1
Uip =5 lim By(By+ =)"Y? ,i=0,...,k and
n—oo n

. 1._ )
U1 = s lim Bis1(Brsr + ) V2 i=0,...,(k—1).
From this set of equations we see that U is Toeplitz. [

Corollary 4.6. Let Ty = (¢;—;) be a bounded positive operator on 2. Then
M, is bounded on H(Ty) if and only if Ty factors as UU* with U the upper
triangular matrix 7T for some g € H>.

Proof. Assume that M, is bounded. Using Theorem 4.2, write ¢ = ¢1 + ¢
where H(Ty, ) is the span of the polynomials in H(T;). By Theorem 4.1, H(T})
contains non-zero polynomials, so Ty, must be nonzero. Using Theorem 4.5,
Ty, =Ty, Ty, for some g1 € H*>. Since ¢ factors, log(¢1) is integrable by the
Szego alternative. But then log(¢) is also integrable and the Szego alternative
implies Ty =T, T, for some g € H>.

Conversely, if Ty factors, then the polynomials are dense in H(Ty) and hence
in R(T;/z). Since R(T(;ﬂ) is S*-invariant , ey € R(T;/z) and so the constant
function 1 € H(Ty). Clearly, condition ii) of Theorem 4.1 is met and so M, is
bounded on H(Ty). O

Remark 4.7. Combining Theorem 4.5 and Proposition 4.2, we obtain a unique
decomposition of every positive Toeplitz operator Ts as T = TT + Ty where
Te = (Gi—j) , Ty = (V,;_;) are Toeplitz and T is upper triangular. If we let

o0
H, =G ,and set H(e) = Z H,e'™ | then H is an analytic operator-valued

n=0
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function and ®(e?) = H(e")*H (') + ¥(e?) where ®(e?) = Z P_,en?

n=—oo

o0
and U(e) = Z U_,en?
n=-—o00

Power’s[5] obtains a similar decomposition. He requires that if H;(e®) is
analytic and Hy(e?)*Hy (') < ®(e') , then
Hy(e)Hy ()" < H(e?)*H (') . Thus, by Theorem 3.2 iv) we see that our
decomposition is the same as Power’s and that by Theorem 3.2 iii) his enjoys
the additional property that if Hy(e?®)Hy(e?)* < W(e?) | then Hy = 0.

The fact that both our decompositions are the same is a bit surprising since
Power’s obtains his by applying the Wold-Zasuhin decomposition to the doubly
infinite Toeplitz matrix (®;_ J)j;’i _ oo » While we have shown that our decompo-
sition is the same as applying the Wold-Zasuhin decomposition to the operator
matrix one obtains by setting all but the entries for negative ¢ and j equal to 0.

We also obtain the following variant of the Szego alternative.

Theorem 4.8. Let T, = (¢;_;) be a positive Toeplitz operator on [? and let

+oo
B(e'?) = Z bne’™ . The following are equivalent:
i) M. is bounded on H(T}) ;
ii) ¢(e??) = |g(e??)|? where g is analytic ;
iii) log(¢) is integrable.
iv) 1isin H(Ts).

Proof. The equivalence of ii) and iii) is the Szego alternative [6]. By Theorem
4.6 , 1) is equivalent to T factoring as UU™* but by Theorem 4.5 this is equivalent
to ¢ factoring as gg*. The equivalence of i) and iv) follows from the fact that

1e R(¢é/2) by applying Theorem 4.4. O
Remark 4.9. Let Ty = (¢;—;) be a bounded Toeplitz operator on I ® C. We

conjecture that if M, is bounded on H(Ty) , then Ty factors as UU* with U
upper triangular.
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