ANALYTIC TRIDIAGONAL REPRODUCING KERNELS

GREGORY T. ADAMS AND PAUL J. MCGUIRE

ABSTRACT. This paper characterizes the reproducing kernel Hilbert spaces
with orthonormal bases of the form {(a, o +a, 2+ - +a, ;27)z",n > 0}.
The primary focus is on the tridiagonal case where J = 1 and how it compares
to the diagonal case where J = 0. The question of when multiplication by z is
a bounded operator is investigated and aspects of this operator are discussed.
In the diagonal case M, is a weighted unilateral shift. It is shown that in
the tridiagonal case this need not be so and an example is given in which the
commutant of M, on a tridiagonal space is strikingly different from that on

any diagonal space.

1. INTRODUCTION

The function K (z,w) is positive definite (denoted K >> 0) on the set E x E if

for any finite collection z1, z3,- - - , 2, in E and any complex numbers a1, as, - , oy
the sum
n
g ;oK (2,25) >0
ij=1

with strict inequality unless all the «a;’s are zero. It is well known that if K >> 0

on F, then the set of functions in z given by
n
ZajK(z,wj) taq, o, an €Ciwy, - w, €F
j=1

has dense span in a Hilbert space H(K) of functions on E with

n n
1> K (zw))| = > iy K (wi, wy).
j=1

ij=1
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A fundamental property of H(K) is the Reproducing Property which states
that f(w) = (f(2), K(z,w)) for every w in E and f in H(K). Thus evaluation at
w is a bounded linear functional for each w in E. The function K(z,w) in H(K)
will frequently be denoted by K,,(z) or just K.

Conversely, it is well known that if F' is a Hilbert space of functions defined on
FE such that evaluation at w is a bounded linear functional for each w in F, then
there is a unique K defined on E x E such that F' = H(K). It follows from the
reproducing property that K(z,w) = m Hence if K is analytic in the first
variable, then K is coanalytic in the second variable. In this case K is an analytic
kernel. Throughout this paper, E will always be a subset of the complex plane C
and with few exceptions K will be an analytic kernel.

It is also well known, see N. Aronszajn[2], that if {f,(z)} is an orthonormal
basis for a reproducing kernel Hilbert space of functions on E , then K(z,w) =
Z frn(2) fnl for all z,w in E. Moreover if the largest common domain E’ of
the functions { f,(z)} is larger than E, then the largest natural domain of H(K) is
given by Dom(K) ={z € E’: Z |fn(2)? < o0}

In the very well studied dlagonal case fn(z) = 2" and Dom(K) is always a
disk. In this paper we consider only kernels where f,(z) is 2" times a polynomial
of fixed degree J. Section 2 introduces these bandwidth J kernels and gives a
characterization of Dom(K) and H(K) in this case. In sections 3 through 5 a
sharper focus is put on the special case when J = 1. The types of spaces possible,
the multipliers, and the basic matrix forms and properties of the multiplication
operators are investigated. Section 6 is devoted to a single example of a tridiagonal
or bandwidth 1 space in which the theory developed in the earlier sections is applied.
The example is shown to have properties strikingly different from any diagonal
space. In particular the commutant of multiplication by z is characterized as being
quite different.

Since submission we have learned that unpublished formal versions of Theorems
2 and 3 and part of Theorem 4 were independently discovered by Sarah Ferguson
during her thesis work and we would like to acknowledge her efforts. We would also
like to thank Allen Schweinsberg for his many useful comments and careful reading

of the manuscript.



2. BANDWIDTH J KERNELS

An analytic kernel is of finite band width J if there exists an orthonormal basis
of polynomials for H(K) of the form {f,(2) = (a,,+a, ,z+---+a, ,z7)2",n > 0}.
Kernels of bandwidth 0 are known as diagonal kernels and have been well studied,
see A. R. Shields [4]. These spaces include the well known Hardy, Bergman, and
Dirichlet spaces on the unit disk. Of particular interest in this paper are the
tridiagonal kernels which are kernels with bandwidth 1. Our first result asserts
that the natural domain Dom(K) of a kernel of bandwidth .J is either an open or
closed disk about the origin together with at most J points not in the disk. This
disk will be denoted by D(K).

Theorem 1. If K is a kernel of bandwidth J, then

1. there exists a finite set Q C C of at most J points such that

J
Dom(K) = D(K)UQ where D(K) = {z: Y (]2|"Y |an;|)* < oo}
n 7=0

2. if f= Z’\"f” is in H(K) and z € D(K), then the doubly indexed series

J
ZZ/\Hamjzj+" converges absolutely on D(K).

n j=0

Proof. If z € D(K), then

o] J J
D@ =D ang2)2 P < fmaxlz], 1327 (12" lan,;1)? < oo
n=0 n  j=0 n 7=0

Since Dom(K) = {z € C: > |f.(2)|?> < oo}, this shows z € Dom(K). It remains
to show that Dom(K') can have at most J additional points.
To this end assume that z1,... 2541 are distinct points in Dom(K) with

z1| < zg| < -+ < |zyy1| and 2z € D(K). By assumption (22 < oo for
\ | + y

n

each k =1,---,J+ 1. Since |z1]| < |zx| for each k,
J _ J _
DO angzDlzl" P < Y (O ansz)IzR])? < oo
n o j=0 n =0
J¥1 J _
Thus, Z|Z(Zakan,jzi)\zl|"|2 < oo for any constants oy, ag, ..., 41. Letting
n k=1 j=0
a=(a,00,...,a541)T, @ = (@no,anis.-. ,any)" in C/T and V = {v;;} the
J+1 J

Vandermonde matrix with v;; = 2/ one has apay izl =< Va,d, >. Now
3, k NS )
k=1j=0
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V' is known to be invertible so long as the points 21, 29,... , 2541 are distinct. Fix
j €{0,1,...,J} and choose @ € C’*! so that Va = ¢; = (0,0,...,1,0,...,0)T.
Hence < V&, d,, >= a, ; and therefore z:(|cz,,,,j||z1|”)2 < o0.

n

J
Thus Z((Z|anj|)|zl|")2 < oo showing z; € D(K). This contradicts our original
n  j=0

assumptions and proves the first part of the theorem.

Now assume f = Z/\”f” converges in H(K) and z € D(K). By the first part

n

J

of the theorem Z(Z|an,j

n j=0

|2|")? = C < oco. Hence both the sequences {\,}2,

J
and {Z|an7j||z|"}$f=0 are in [2. Let M = maxz{1,|z|’}. By the Cauchy-Schwarz
J=0

J J
. . . 2 n 12
inequality Y Y [Anan,2@ | < MIEAMLIND langllzI"HI, = MO u)-
n j7=0 7=0
O

An important consequence of the above theorem is that on any closed disk

about the origin in Dom(K) the series Z)\n fn(z) can be rearranged to converge

coefficient wise to the Taylor series of }L(z) about the origin. Thus if f,(z) =
(an + bpz)z™, the series > A\, (a, + bp2)2"™ can be rearranged to give the Taylor
series > (Apan + Ap_1bp_1)2™.

For a tridiagonal kernel (J = 1) the theorem states that Dom(K) is either a
closed or an open disk about 0 plus possibly a single additional point zy. Before
proceeding a few examples will be given for illustration. In the examples below the

basis functions are assumed of the form f,(z) = (a, + b, 2)2".

Example 1. 1. If a, = 1 and b, = 0 for each n, then Dom(K) = D where D
denotes the unit disk and H(K) is the Hardy space H?(ID).
2. If a, = v/n+1 and b, = 0 for each n, then Dom(K) = D and H(K) is the
Bergman space.
3. If a, = 1/v/n+ 1 and b,, = 0 for each n, then Dom(K) =D and H(K) is the
Dirichlet space.

Example 2. If a,, = 1 and b, = 5 for each n, then Dom(K) = DU{2} . Here the
function Ks(z) = K(z,2) has norm 0 and H(K) is just a renorming of the Hardy
space H%(D).
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Example 3. Let a, =1 and b,, = _71 for n even; let a,, = (%)" and b, = 0 for n
odd. Then Dom(K) = DU {2}, but ||K3|| > 0. It will be shown later that H(K)

is not a renorming of a diagonal space and that multiplication by z is unbounded.

Example 4. Ifa, =1, b, = Z—ié then Dom(K) = DU{—1}. This example will be
extensively investigated later. It will be shown that H(K) is not a diagonal space,
multiplication by z is bounded, and that the commutant of multiplication by z is
quite interesting. Changing to a, = % and b, = n%rQ here results in H(K) being

the same in most respects but Dom(K) = D.

The remainder of this paper is devoted to characterizing the spaces H(K) when
K is a tridiagonal kernel and investigating the behavior of various multiplication
operators, particularly multiplication by z. In particular we will determine when a
tridiagonal space is a renorming of a diagonal space and illustrate the role that z
can play when present in Dom(K).

Before proceeding it is worthwhile to recall a few facts that will both illuminate
why the terms diagonal, tridiagonal, and finite band width are associated with
the kernels we are studying and that will also facilitate our computations.

If K(z,w) is an analytic reproducing kernel in a neighborhood of (0,0), then
K has a power series expansion » aijziﬁj about (0,0) and the reproducing kernel
Hilbert space obtained by restricting K to the connected domain containing (0, 0)
will be denoted by H(A). In Adams, McGuire, Paulsen [1] it is shown that the
coefficient matrix A = [a; ;] is a positive definite matrix in (? and that H(A) is
isomorphic to R(B) where A = BB* and R(B) is the range space of B equipped
with the norm ||B#F|| = ||¢j]| where ¥ is the unique vector in (kerB)! such that
By = BZ#. The isomorphism associates the function f(z) = > 7, a,2" with the
vector (ag, a1, ...)T in R(B). By a dilation the matrix A may be assumed bounded
and can always be factored via the Cholesky decomposition into the form A = LL*
where L is lower triangular. Moreover if the j, jth entry of L is zero, then the jth
column of L is zero. In this case the nonzero columns of L form an orthonormal
basis for R(B). Hence one may assume without loss of generality that A = LL*
where L is lower triangular, the j, jth entry of L is nonzero, and L has trivial kernel.
Thus a diagonal kernel corresponds to the matrices A and L being diagonal and an

orthonormal basis consisting of powers of z. For a tridiagonal kernel the matrix A
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is tridiagonal and L has nonzero entries only on the diagonal and first subdiagonal.
Similarly J finite band width means A has a band width of 2J + 1 and L has
nonzero entries only on the diagonal and first J subdiagonals.

The functions in H(K) have as their natural domain the union of D(K) together
with possibly finitely many points. Restricted to the interior of D(K) the functions
are seen to be analytic. By H(LL*) we will mean the restriction of H(K) to D(K)
with the original norm. By Theorem 1 the functions in H(K) are determined by
their values on D(K') and hence there is no "real loss" in this restriction. The pur-
pose of the restriction is that in the presence of a point zo outside D(K) there is no
reason to expect that a multiplication operator such as multiplication by z will be-
have as "multiplication by z" as the series representations of functions at the point
zo are not absolutely convergent and not amenable to rearrangements (particularly
when multiplied by z). We will illustrate this later by showing multiplication by z,
denoted by M., is bounded on the space of Example 4 but M, does not multiply
by —1 at the point —1.

3. TRIDIAGONAL KERNEL SPACES

(o)) 0 0

bo al 0
Henceforth we will assume A = LL* is tridiagonal with L =

0 bl a9

bounded, having trivial kernel, and a, # 0 for all n. The restriction of H(K)
to D(K) will be denoted by H(LL*). As mentioned before H(LL*) has exactly
the same orthonormal basis, contains the same functions, and is exactly the same
as H(K) with the exception of the possible single point zo in its domain. The
next results characterize when H(LL*) contains the polynomials and when it is a

renorming of a diagonal space.

Theorem 2. The polynomials are contained in H(LL*) if and only if for each

by, bnbniyi bnbny1bnya

n the sequence {1, e e

..} is square summable.

Proof. Note z™ € H(LL*) if and only if for some square summable sequence {\;},
> ; 1 if I=n

2" = Z)\l(al + blz)z . By Theorem 1, \ja; + \j—1b;—1 = . Note
=0 0 if I#n
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1 € H(LL*) implies ap # 0 and in like manner a; # 0 each [. This shows that

1 1 b
)\0, . 7)\n—1 =0 and )\n = o’ Thus )\n+1an+1 + )\nbn =0or )\n+1 = _Tna’!Lil .
.. . —1)* bbby . .
Solving iteratively shows A,y = (U7 bnbutios - Gipee L s a constant for fixed n
An  An41°""Antk An

it does not affect the square summability of the sequence and may be dropped. [

As H(LL*) is a space of functions naturally defined on a disk and a space
spanned by polynomials, it is natural to ask if it is functionally the same as a
space where the powers of z are mutually orthogonal. Since such a space would
arise as H(DD*) where D is a diagonal matrix, we are asking when H(LL*) =
H(DD*) as a set of functions. This is equivalent to Range(L) = Range(D) where
Range(L) is the range space, see Adams,McGuire, Paulsen [1]. By R. G. Douglas
[3], Range(L) = Range(D) is equivalent to the existence of bounded matrices Cy
and Cy such that LCy = D and DC5 = L. Thus LCCy = L. Since L is one-to-one,
C1Cy = I. Similarly CoCy = I and thus Cy = C;'. This leads to the following

characterization.
ao 0
bo aq .
Theorem 3. If L = , then H(LL*) = H(DD*) for some
0 b1 .
j—1 b
diagonal matriz D if and only if lim sup(H |Lk|)l/j <1 and
)70 n k=0 An+k+1
by
sup |72 | < oc.

ap 0

If H(LL*) = H(DD*), then D may be taken to equal | 0 @

do
Proof. First assume LC = D where C is invertible and D = dq A

straightforward computation shows C' must be lower triangular with main diagonal

d
entries Z—E, %, -+, Thus sup|—| < co. Hence the entries on the main diagonal of
n a’ﬂ
a
C~"are g2, 9% ... implying sup|d—"| < 00. This shows that
n n
Range(DD*) = Range(Diag(ag,as,...)Diag(ag,a1,...)*) and therefore that D
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may be assumed to equal Diag(ag,ai,...). With this assumption a short com-
1 0 0
—bo 1 0
ay
putation shows that C' = boby T = (1+S,)~! where
aiaz az
__bobiby biby b2 1
ayazag azas as

ba_g 1. The matrix C is shown in A. R.
any1 ot

S, is the shift which maps €, to
Shields [4] to be invertible precisely when the spectral radius lim [|S7[|}/7 < 1.
j—00

j—1
. . b .
But [|S7 ||/ = sup( | | |Lk|)1/3. To prove the other direction simply note that
no12 An+k+1

lim ||S7]|'/7 < 1 implies that C is invertible and therefore that H(LL*) = H(DD*)
J—00
where D = Diag(ag, a1, ... ). O

4. MULTIPLICATION BY z

Since H(LL*) is a space of analytic functions it is natural to ask if multiplication
by the independent variable z is a bounded operator. Let M, denote the operator

and M. its formal matrix with respect to the basis {fn(2) = (an + byz)z",n > 0}.

_ n+1 n+2 _ _a b _ _ap bnta n+2 .
Note M. fn = an2™"" +bn2" 7" = o fr + (aniz g 2 )an 422" 7. Letting
b . . = .
Cp = 2o — _@n_Inil ap( calculating as in Theorem 2, M, is revealed to have the
An 42 An41 An42
form
0 0 0
ag
" 0 0
ay
Co as 0
Vo— —cobz az
M, o 1 o
cobab —c1b
3,3(2143 at; : 02
—Cgb2b3b4 Clb3b4 —Cgb4
asaqas asgas as

Before proceeding two things are worth noting. First the operator M, is bounded

if and only if J/\/[\Z is the matrix of a bounded operator. Second ]\//.72 is formally

Sy +S*(I -8, +8%2 83+ )D=Sy+S*I+8S,)"'D



0 O 0 O
@ . b2 ..
where S, = | “ and S, = | are weighted shifts, S is
0 @ - 0 "
as aq
the usual unilateral shift, and D = Diag(cg,c1,...) is a diagonal matrix. This

second fact will not be made use of but is worth noting as another form of M,
since it illustrates how the operator differs algebraically from a weighted shift and
gives a clue that the operator algebraic structures of M, such as the commutant
are more complicated. For the remainder of this paper M, and ]\//.Tz will be used
interchangeably. A cursory glance at the form of the matrix ]\//L is enough to
recognize that the columns are not unrelated to the sequences in Theorem 2. Our

next result explores this relationship.

Theorem 4. If M, is bounded on H(LL*), then

. |5%2—| is bounded for all n;
An 41

. len| is bounded for all n where ¢, = an1+2 (b, — aZLbn‘*‘l);

1
2
3. if ¢n #0 for some n, then H(LL*) contains the polynomials.
4

. if ¢n =0 for all n, then H(LL*) = (1 4+ az)H(DD*) where

by

D = Diaglag,a1,...] and « is the constant ratio ;>. In this case M. is

a weighted shift with weight sequence {a‘;“ 12,

Proof. Since a“il and ¢, are the diagonal and subdiagonal entries of the ma-

trix ]\/ZZ7 parts one and two of the theorem are immediate. For part three note

that if ¢, # 0, then in order that the nth column of J/W\Z be in % the sequence

b bny2bn . .
{Zed2 Snt2onds 03 must be square summable. Theorem 2 now implies the mono-
An+4+3’ An43an+44

mial 2"*2 is in H(LL*). Since M, is bounded, this implies 2™ is in H(LL*) for
allm > n+2. If m < n+ 2, then factoring % from the tail of the se-

. . b ) . .
quence in Theorem 2, one obtains the sequence { ﬁ, %, ... }. Since this
n n n

sequence is square summable, the condition of Theorem 2 is met. Hence all the

powers of z are in H(LL*) and H(LL*) contains the polynomials. Part four fol-

lows from noting that if ¢, = 0 for all n, then Zi = Z"—J: for all n and hence

falz) = (1 + Z—Zz)anz" = (1 + az)ayz™ Thus H(LL*) is (1 + «z) times the

diagonal space which has {a, 2"} as an orthonormal basis. O
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Using Theorem 4 it is now easy to verify that multiplication by z is unbounded
in Example 3. Because of the close connection between the columns of Z/W\z and the
sequences in Theorem 2 one might hope the converse of Theorem 4 could hold true.

The following example shows the converse is false.

Example 5. Let a, =1 for each n and

1, if10™+1<n<10m 4 10™"! for any m

7

bn, =
0, otherwise

As all of the sequences in Theorem 2 are finite it is clear that H(LL*) contains
an
An41

l¢n| = [bn — bpga| < 1. Note ¢, = $(0 — 11) = —1 and that the 10™th column

the polynomials. It is also clear that sup = 1 < oo and that for each n,

of M, has 10m~! elements of absolute value 1. Hence [| M, fr|| is unbounded and

thus M, is unbounded.

The next two examples illustrate why ¢, # 0 in Theorem 4 part (3). In both

examples ¢, = 0.

0 0
—~ 2 0
Example 6. Let a,, = 2% and b, = gn% for n > 0. Note M, =
0 2
and hence M, is bounded. However {1, Z—‘;, 2(1’212 ,...r={1,1,1,...} is not square

summable. By Theorem 2 the constant function 1 is not in H(LL*). Also Theorem

3 shows that H(LL*) is not a diagonal space.

0 0
— 300
Example 7. Let a, = 2(3)" and b, = (3)" for n > 0. Note M, = ?
3
0 3
and hence M, is bounded. Moreover {1, 2—2, 2(1’212 b =A{1,2,(3)%...} is square

summable and hence 1 is in H(LL*). Thus H(LL*) contains all the polynomials.

In fact Theorem 3 shows H(LL*) is a diagonal space.

The next result points toward a converse of Theorem 4.
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| U«n

< 00 and limsup |- b” | <1, then M, is bounded.

Theorem 5. If sup

0 0 0
20 0 0

ai

ay
Co o3 0
Proof. Recall M, = %0’12‘ 1 2 .| and let M; be the matrix
3 3
Cob2b3 —Clbg c
asaq ag 2
—Cob2b3b4 C1b3b4 —Cgb4

asaqas asgas as

obtained from ]\//[\Z by setting entries off the jth subdiagonal to 0. Note ]\//[\Z = Z M;

i=0
and that by assumption |[Mi|| = sup |2 |
by, by  _ _an bnir _
exists r < 1 and ng such that \ | <r forn > no Also ¢, = s — gt =
b @it _an bot1 jgpounded. Let K =
An+41 An42 An+41 Gn42
K71, f2<j<no
i< .
Kmopi=no o if § > nyg
Hence Y ||M;|| < oo and M, is bounded. O

Before closing this section we turn our attention to the matrix form of M,» with
an end to obtaining an estimate of the spectral radius of M,. First note that if

= ba_ _an bnip ypep
Gntptl  Qnip Gngptl’

Cn,p

a
z”(fn) T N fn+p (b - ﬁbn+p)zn+p+l =
n+p n+p

_On bntp+1bnipr2
frtp + np(fript1 — frapra+ —————"= foiprs — ).
An+p QUn+p+2 An+p+2Qn+p+3
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Hence MP has the matrix form

p rows of zeros
2o 0 0 0
ap
MP = Co 1 0 0
z = P Ap+1
—co.pb
0,pYp+1 c1 » az 0
ap+2 ? Ap+2
€0.pbp+1bp42 —C1,pbpt2 Ca as
Ap42ap 43 ap+3 P apys

The following result is elementary and is included only for completeness as it is

needed in the next theorem .

Lemma 1. If D is any diagonal of a matriz M, then ||M|| > ||M — D]|.

Proof. Since ||M—D|| < ||M||+]||—=D||, ||M]|| > ||M—D||—||D||. Also, since D is a
diagonal of M, ||D|| < [|M]|. T¢||M — D] > 2/[M[l, then ||M]| > ||M —DJ|—||D|| >
2||M|| — ||M|| = ||M|| which is impossible. Thus ||M|| > ||M — DI O

Theorem 6. If M, is bounded with spectral radius p(M,) , then p(M,) < «

where

an

a = lim sup(sup | == | + 2sup \Cnipbi
p—oo n>0 Gn+tp n>0 Cn+p—1,1
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p rows of zeros

ag 0 e
a
Proof. Note that M,» = A, + B, where 4, = | and
al t.
0 Ap+1 '
p rows of zeros
0 0 0
B, = Co,p 0 0 . For p > 1 the matrix B, is
—c0,pbp+1
apro Ci,p 0
c0,pbp+1bp+2 —C1,pbpi2
C2p
Ap+20p+3 Ap+3 ’

equal to B1SP~'D,, where S is the usual unilateral shift and D, is the diagonal
matrix

Diag[-%e— 22 22 ] By Lemma 1, ||Bi|| = ||M, — A1|| < 2||M.||. Hence

Cp—1,17 ¢p1’ Cpt1,1’

1Byl < 1By lsup| —"L—| < 2|| M, ||sup| —"L—|.
n>0

n+p—1,1 n>0 Cn4+p—1,1

Also

Ap41
[|4p|| < sup|—=
n>0 An+p

An+1
[[1As ] < sup|—=—=[||M]|.
n>0 An+p

Thus, ||M?|| < (sup |22 | + 2sup|—™2|)[|M,]|. Hence limsup||MP||# gives
n>0 Un4p n>0 Cn+p—1,1 p—o00

the result since lim supHMzH% =1. O

p—00
5. THE MATRIX FORM OF My

As before we assume L is bounded with trivial kernel, the n, nth entry of L is

nonzero, and f,,(z) = (an —|—bnz)z”. In this case H(LL*) consists of functions of the

form Z An fn(2) such that Z |\a]? < 0o. Assume ¢(z Z ¢nz" is an analytic
n=0 =0
function in D(K) such that for each n, gn(2) = ¢(2) fn(2) is in H(LL*). Note that

¢(z) is not assumed to be in H(LL*). Since g, € H(LL*),

Zgnmfm Z¢k2 an+b Z)

k=0
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Note the lowest power of z on the right hand side is 2™ and hence g, ,, = 0 for
m < n as the functions in H(LL*) are determined by their power series expansions.

The remaining coefficients g, ,, can be obtained recursively from the equation

e o0
> (Gnm@m=™ + Gnmbm™ ) = Y (@ + bugez ),

For example In,nln = an¢o implies In,n = ¢o and In,n+10n+1 + gn,nbn = ano1 +

budo tmplies gn i1 = 72— ¢y. Proceeding gnnie =

An41

then show that for J > 3,

an
An+42

@2 + cp,1¢1 and one can

J—=2

J=2
—b,
bg + Cn,.lflqufl + Z Cn,jP; H (iﬂ)

° . 2
j=1 p=j ntpt

Qn

In.n+J =
An+J

Thus with respect to the basis {f,(z)} the formal matrix for the operator M, of
multiplication by ¢ is given by My = [gm n] Where gp, ., is the (n,m)th entry.
This realization of the matrix of My can also be obtained from the form of

M.» = A, + B, of section 4. Recall A, is a matrix whose only nonzero entries

are 2—2, U«:il"“ on the (p + 1)th subdiagonal and B, = B1SP~'D, where S is
the unilateral shift and D, = Diag[; -, 21";,%, ...]. Since A, can also be
p—1, P, P 5

viewed as Si where Sy is the unilateral weighted shift with the weight sequence

o a1 g2 % formally

a1’ az’ as’
) o0 )
My =>"¢,Sh+>  ¢,B1SP Dy = ¢(Sy) + B1 Y ¢,S" ' D,
p=0 p=1 p=1
and the entries agree with those obtained above.

Viewed in this manner the matrix of M, is suggestive of a realization of the
operator My as a sum of ¢(Sy) and B times some type of an operator weighted
derivative of ¢(Sy). In our next section we will use the above formulation of M, to
work out the commutant of M, in Example 4 and lend some weight to this strangely

different suggested form of M.

6. AN INTERESTING EXAMPLE

The commutant of an operator A is the set of all operators B such that AB =
BA. By Theorem 4, if M, is bounded either H(LL*) contains the constant func-
tion 1 or H(LL*) is a linear function times a diagonal space. In either case it is

straightforward to show that if B is in the commutant of M., then B = My for
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some function ¢ analytic on D(K). If 1 is in H(LL"), then ¢ = B(1) is in H(LL").

If 1 is not in H(LL*), then ¢ = B%O) is not in H(LL*). In the case of the Hardy

space the commutant of M, is the set of all Toeplitz matrices Ty where the symbol

¢ is in H*(D), the set of bounded analytic functions on D. Below we will show
that the commutant of M, in the case of Example 4 is quite unlike any diagonal
case.

Recall that in Example 4, a,, = 1, b, = 2L and Dom(K) =D U {-1}.

n+2’

Theorem 7. If f,(z) = (1+ Z—T_;z)z” forn >0, then

1. H(LL*) is not a diagonal space;

2. H(LL*) contains the polynomials;

3. M, is bounded and a Hilbert-Schmidt perturbation of the unilateral shift;
4

. the spectrum of M, is the closed unit disk;

Proof. Theorem 3 implies H(LL*) is not a diagonal space since
j—1
. bptk 1/4 . n+1
lim su —F )Y = lim sup(————
Jj—o0 np(kl;[()|an+k+1|) Jj—oo np(n+j+1

} is square summable Theorem 2 shows that H(LL*) contains the polyno-

)”j = 1. Since the sequence

+1
{'I’Lij+1

mials. However since lim sup aiﬁ = 1, Theorem 5 does not apply and we must

show directly that M, is bounded. To this end note that c,, = by, — bpgp =

ntl _ ntpt+l _ —p
n+2 n+p+2 (n+2)(n+p+2) °

Thus the matrix form of M, is

0 0 0
1 0 0
—1
z3 10
e |
M. 51 31 1
11 -1
2-5 3-5 4.5
1 -1 1
2-6 3-6 4.6

Since the doubly indexed series Y (-1-)? converges M, is seen to be not only

bounded but a Hilbert-Schmidt perturbation of the unilateral shift S.
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Applying Theorem 6 the spectral radius of M, is seen to be bounded by

a = lim sup(sup |(anrl | + 2 sup |c717p|)%

p—oo n>0 An+p n>0 Cn4p—1,1

. p(n+p+1)
= limsup(1l + 2sup ————=)
pﬁ;ﬂ S ——— )

=

= limsup(1 + p(p + 1))% =1

p—oo
Since D(K) = D and D(K) is always contained in the spectrum of M}, we can now

conclude that the spectrum of M, is the closed unit disk. O

We now turn our attention to the matrix form of M. From section 5 the (n,n)th

entry is ¢g, the (n+ 1, n)th entry is ¢1, the (n 4 2, n)th entry is ¢o + m%,

and for J > 3 the (n + J,n)th entry is given by ¢y + %S(—l)jﬂj@
j=1
or
b7+ ()™ (1 — 202 + 33 — ...+ (=1)7(J = 1)ps_1] .
(n+2)(n+J+1)
Let Py be the truncation of ¢ to the span of {1,z,...,2N}. So (Py¢)(z) =
i Pnz" and (Pyo@)'(z) = inqﬁnz"_l. For J > 1 we can now express the (n +
n=0 n=1

J,n)th entry of My by ¢5+ %(PJA@/(—U. Thus JTJ; = T4+ S where
Ty is the usual Toeplitz matrix with symbol ¢ and Sy is given by

0 0
1 0 0 0 0 =19 o
5= |0 F ° (Poy(-1) 0 oo g 0
0 0 3 (P,0) (1) (P¢)(-1) 0 0 =
| (Po) (=1) (P,0)(=1)

The following theorem characterizes the commutant of M, and establishes that

{¢ : M, is in the commutant of M} is strictly contained in H> (D).

Theorem 8. If f,(z) = (1+ Z—iéz)z" for n >0 and ¢ is an analytic symbol on
D=D(K) , then

L | T|| < [1Myl|;

2. The operator My is bounded if and only if both Ty and Sy are bounded;
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|| To|| + ||S4]| is an equivalent norm to ||Myll;
T, is bounded if and only if ¢ is in H*(D);

, 2
Sy is bounded if and only if > o7, [W} <00 ;

A

there exists a bounded analytic function ¢ such that Ty is bounded but

S¢ s not bounded.

Proof. Part (4) is a well known fact and is restated simply for completeness. To
show ||Ty|| < ||Mg|| we begin with a fact true for any operator.

Let {eg,e1,...} be the standard basis for 2 and for 0 < m < n let Q,.,, be the
projection onto the span of {e,,,€m+1,-..,€,}. For any formal matrix A on [2
Qm.nAQm » is bounded since outside of an n —m + 1 by n — m + 1 submatrix all
entries are zero. Moreover,

A 0]
||A|| — sup ||Qm7n _’men ||
velZ2 0<m<n HUH
Now fix # € I? and j € Z and note that if S is the unilateral shift, then for each

n7
1Q0,; T Q0,59 = ||Qn,n+iTpQnn+i S" |-

However, nlLII;O 1Qn .+ S6QnntS" V]| = 0 since Qn nt;S9&@n,nt; is zero outside of
a j+ 1 by j+ 1 submatrix whose entries are converging uniformly with n to zero.
Thus T {|Qu i My@nn s S"0] = lim [|Qu s ToQu ;S| which implies
Toll < 1M

If My is bounded, then Ty is bounded by part (2). Hence Sy = My — Tj is
bounded. On the other hand if both 7} and Sy are bounded, then My =Ty + Sy
is bounded.

The fact that ||Ty|| + ||Sg|| is an equivalent norm to ||My|| follows from

(1Tl +1156[1)/3 < (IM]| + 1My = To[)/3 < (Mg + |Ms]| + [|T5][)/3

< 3IIMy|I/3 < |ITs + Ssll < [[Toll +[19]]-

Assuming Sy is bounded, then the [ norm of the first column of S, is finite.

o] 1 2 o] e 2
Thus %Z {W(l)q converges and hence Z {W(l)q converges.
n=1 n=1

C 1 = e —
onversely assume « E |: n 1

n=1

2
] < oo. To show Sy is bounded it
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suffices to show the entries of S4 are square summable. To this end note that

S5 [ s E [

n=0 j=1
s 1 1<Z5( D[ S 1
< ‘7 = P E— .
Skl “,§<n+1>2<°°
For 0 < ¢ < 3, let ¢(z :z " and note [|4]]. <Z
n=1

nt (n — 1)1
computation shows |(P,¢) (—=1)| = Z k¢ > / x de = ~————— Thus
1

1—¢
— 1l —1)2
Z| . +1 )| > o Z (n et 1) ) . This last series is comparable
to the series Z e Wthh dlverges since 2¢ < 1. Thus Ty is bounded but Sy is
not. O
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