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ABSTRACT. This paper completes the classification of central extensions
of three dimensional Artin-Schelter regular algebras to four dimensional
Artin-Schelter regular algebras. Let A be an AS regular algebra of global
dimension three and let D be an extension of A by a central graded el-
ement z, i.e. D/(z) = A. If A is generated by elements of degree one,
those algebras D which are again AS regular have been classified in [1] and
[2]. If A is not generated by elements of degree one, then A falls under a
classification due to Stephenson [3, 4]. We classify the AS regular central
extensions of Stephenson’s algebras by proving that the regularity of D and
z is equivalent to the regularity of z in low degree and this is equivalent to

easily verifiable conditions on the defining relations for D.

1. INTRODUCTION

Artin-Schelter regular (AS regular), graded k-algebras were defined by M.
Artin and W. Schelter in [5]. The AS regular algebras of global dimension
three which are generated by degree one elements were classified in [5, 6, 7].
In [3] and [4] Stephenson extended this classification and showed that there
are AS regular algebras of global dimension three that are not generated by
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elements of degree one. The AS regular algebras of global dimension four have
proven more difficult to classify.

One way to find 4-dimensional regular algebras is to look at central exten-
sions of 3-dimensional regular algebras. We call an algebra D with graded
central element z such that A = D/(z) a central extension of A. One notices
that for any AS regular algebra A of global dimension 3, the central extension
A ®y, klz] is an AS regular algebra of global dimension 4. This observation
leads to the question: given a central extension D of a 3-dimensional AS regu-
lar algebra, is D itself AS regular? In particular, can one determine regularity
from the defining relations for D? This question was answered in [1] and [2]
for the cases when A is generated by elements of degree one.

While many examples of 4 dimensional AS regular algebras have been stud-
ied, most of these are algebras generated by elements of degree one ([1, 8,
9, 10, 11]). The geometry of 3 dimensional AS regular algebras that are not
generated by elements of degree one has been investigated in [4] and [12], and
it is reasonable to hope that this kind of inquiry could also be carried out for 4
dimensional AS regular algebras that are not generated by elements of degree
one.

In this paper we show that theorems analogous to those in [2] hold for
central extensions of Stephenson’s algebras. In particular, we show that that
the regularity of D and of the central element z are equivalent to the regularity
of z in low degree, and we show how to determine this from the defining
relations for D. Our main results are stated in Theorems 3.7 and 4.5. Given
the relations for an algebra A, the fourth condition in our theorems provides
a method for producing new examples of 4 dimensional AS regular algebras.
Section 5 contains examples of AS regular algebras which can be found using
these theorems. These central extensions are all Noetherian domains.

Section 2 contains technical definitions and the notation which will be used
throughout the paper. In sections 3 and 4 we determine which central exten-
sions of Stephenson’s algebras are AS regular of global dimension 4. In section
3 we consider the algebras with two generators and in section 4 we look at the

algebras with three generators.
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2. DEFINITIONS AND NOTATION

Throughout the paper, k denotes an algebraically closed field of characteris-
tic different from two. All algebras herein are assumed to be finitely generated,
connected, N-graded k-algebras. The set of all homogeneous elements of degree
n in an algebra B will denoted by B,,. When n < 0 let B,, = 0.

Definition 2.1. [5, Page 171] A connected N-graded k-algebra B is called
Artin-Schelter regular (AS regular) if

(a) the global (homological) dimension of B, denoted gldim(B), is finite,

(b) the Gelfand-Kirillov dimension of B, denoted GKdim(B), is finite, and

(c) B is Gorenstein; that is, Ext%(k, B) = 62k for all ¢ > 0 where n =
gldim(B) and §¢ is the Kronecker delta.

Definition 2.2. A homogeneous element z of a graded algebra B is said to
be regular if it is neither a left nor a right zero divisor. We say z is n-regular

if both left and right multiplication by z are injective on B,,.

Throughout this paper A will be an AS regular algebra of global dimension
3 with fixed generators x; of degrees p;, and D will be a k-algebra with graded
central element z of degree o such that D/(z) = A. If A is generated by
Ay, the AS regular central extensions of A have already been classified and
we therefore restrict our attention to algebras A which are not generated by
elements of degree one. Stephenson [3] has shown that such algebras come in
two families. Algebras of type (a,b) have two generators in degrees a and b
where a < b and ged(a,b) = 1. Algebras of type (a, b, ¢) have three generators
in degrees a, b, and ¢, where a < b < ¢, a < ¢, and ged(a,b,¢) = 1. From [4]
and [3] we know that the algebras A are Noetherian domains.

If Ais of type (a,b), we will write the generators as {x;,z2}; when A is
of type (a,b,c) the generators will be {xy,zo,23}. Let 7 € {2,3} be the
number of generators of A and let X = (zy,...,x;)". By Proposition 2.5 in
[3] we can choose a basis for the vector space of relations, say {fi}, so that
if F'=(f1,...,f;), there is a j x j matrix M with homogeneous entries from
k(z1,...,x;) such that MX = F and the entries of X*M generate the ideal
(fiso f5)- If Ais of type (a,b), set 0y = deg(f1) = a+ 2b and §; = deg(fs) =



4 THOMAS CASSIDY

2a +b. If A is of type (a,b,c), set § = deg(f1) = b+ ¢, 0o = deg(f2) = a + ¢,
and 03 = deg(f3) = a +b.

Let T be the free algebra on the generators of A and on an additional
element z of degree a. Let T be a quotient of T" wherein the image of z
is central, that is T = T/(z12 — 221, ...,x;2 — zx;). The k algebra D will be
generated by {x1, ..., z;, 2}, where z € D, is central. If we write D as T/I, then
there are homogeneous relations 74, ...,7; € I such that (rq,...,r;)" = F + Ez
where F = (eq, ...,ej)t with homogeneous entries e; € Tgi_a. For notational
convenience we will use the same letters to denote elements of the algebras T,
T, D, and A.

Since z is central and D/(z) = A, we define the functor 7w :{graded left
D-modules}—{graded left A-modules} by M —— M/Mz.

To each 3 dimensional AS regular algebra which is generated by elements
of degree one, we can associate an invertible matrix ). This matrix is used
in [2] to determine which central extensions are AS regular. For Stephenson’s
algebras, which are not generated by elements in degree one, there is no matrix
(). However, for each of Stephenson’s algebras there is a linear function ¢ :
T7 — T7 which will play a role analogous to the matrix Q. Since the entries of
X'M and { f1, ..., f;} generate the same ideal in k(x1, ..., x;), each entry of X*M
can be written as a sum of the products of the f; and certain homogeneous
elements from k(x1, ..., z;). Since k(z1, z2, x3) is a subring of T, this particular
multipication and summation defines a function ¢ : 79 — T9 such that q(F) =
(XM

For example, let A(+4) be the algebra generated by z,y of degrees 1 and 2

respectively, with two defining relations:

fi = zy? + 2zyz® + iytr + 2iya®

fo =2y +ya® +

This is a global dimension 3 AS regular algebra (cf. [3, 4]). Since (f1, f2)" =
M X, we see that

2ryx + iy* + 2iyx®  xy
M — 2 .
yx 5ty
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By comparing M X and X'M we determine that the function ¢ is given by

()-(+>)

We will return to this example in section 5. Just like the matrix @ in [2], the
function ¢ will determine which central extensions are in fact AS regular.
Since A is AS regular of global dimension 3, there is an exact sequence S*
of left A (or D) modules of the form:
S3 52 St S0
0— A[=0 — ] -5 @, A[-6] 25 @ Al-p] =5 A k-0
Throughout this paper a, will refer to the k vector space dimension of A,

and d,, will be the k vector space dimension of D,,.

Remark 2.3. Notice from the above sequence that A has the Hilbert series

J J
H(t)= (1=t 4> 1% — praton)™!
=1 =1
and that when j = 2
an = Qppy + npy — Qg ~2p5 — An—2py —pp + Anpiy —5, + 0

for all n, where ¢ is the Kronecker delta. Likewise, when j = 3,
3

3
n
n = Zan—m - Z (n—g; F Gn—p—6; + O

for all n. These recurrence relations are needed only for the proofs of Lemmas
3.3 and 4.4.

3. EXTENSIONS OF ALGEBRAS WITH TwO GENERATORS

In this section A will be AS regular of type (a,b). Stephenson has shown
that if 1 < a < b, A can be given a new gradation so that the generators have
degree one, and therefore he only considers algebras of type (1,b) where b > 1.
However, even when A can be regraded, it will not always be possible to
regrade D, and so we will not assume that a is 1.

Let X = (z1,29)" and pu3 = o, 83 = 1 + « and dy = ps + a. Let | =
o+ 21 + 2us. Let P be an augmented sequence of graded, projective left D
modules of the form:

pt P3 P? P! PO
0— D[~1] =5 @, Dlui—1] =~ @1, D[~6] - &L, D[] = D >k
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with the usual graded augmentation map € and matrices

M E —z 0 M
¢ = z 0 x| = 0 -z ,Q = (21,19, 2).
0 =z Xt q(E)

P’ will refer to the degree n part of this sequence.

Let 7(P") be the sequence of D modules:
m(PY) m(P?) m(P?) m(P) (P?)
ALl @Ak -1 T @hiAle] S @Al S A
with ¢ = 7(¢), @ = 7(Q) and 7 = 7(y).

Section 3.1 consists of technical lemmas, which the reader may prefer to

skip.
3.1. Preliminary Lemmas.

Remark 3.1. If = deg(z) > p1 + 219 then D is the polynomial extension
Alz] and so is always AS regular. Therefore we consider elements z of degree

a < py + 2.

Remark 3.2. Let deg(z) = a.. Since A and D/zD are isomorphic as graded
algebras, we see that d, . < d, + anio With equality if and only if z is n-

regular.

Lemma 3.3. Let deg(z) = a. If P"is exact in degree n+« and z is m-reqular

Vm < n, then z is n-reqular.

Proof. By exactness:
dn+a = dn—l—a—,ul + dn—l—a—,ug + dn - dn—i—cx—lug—/,q - dn+a—p2—2u1 - dn—,ul - dn—,ug

n+ao
+dn+a72,u172,u2 + dnf2,u27,u1 + dnf,ung,ul - dn72,u272,u1 + 60

By 3.2 applied to dpra—p; s dnga—pss Antra—2p—p1s Anta—po—2u1 AN dpya—24,—2,,

and by 2.3 we obtain

dnta = dntanya—p +0nta—py —Antra—p—2pn —Cnta—2p1—ps T 0nra—2p1—2us +6(7)L+a

=d, + ap1q as required. O
Let (r1,79)! = F + Ez, r3 = 212 — zx1 and ry = X9z — 2x5. We wish to

write the central extension D as T'/(rq,...,74). Any central extension of A can

be expressed as T'/I where the ideal I must contain {r1,...,74}. The following
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proposition ensures that when D is a 4 dimensional AS regular algebra the set

{ry,...,r4} actually generates I, and so we may write D = T/(ry,..,14).

Proposition 3.4. Let deg(z1) = a, deg(zs) = b and deg(z) = «. Suppose
D = T/I is AS reqular of global dimension 4 with I = (ry,ro, ...;Tm_1 =
T1Z — 2T, Ty = T2z — 2x9) for some m € N, such that 1y = fi mod z and
ro = fo mod z where fi and fy are the two relations in A. Then there exists a

choice of the relations r; so that m=4.

Proof. We first consider the case that z is not a superfluous generator. If we
temporarily disregard shifts in grading, a minimal projective resolution of the

trivial left D module & must have the form:
0— D" — D" — D™ — D3 — D—»k

It follows from the Gorenstein condition that the minimal resolution of £ must
be ‘symmetric’ so that n; = 3 and ny = 1. Now let g be a postive integer so
that the following is a minimal graded projective resolution of k:

3 m 3

0 — D[-g] — EBlD[m —g] — EBID[—@] — EBlD[—m] — D—k
Let Hp be the Hilbert series of D. From the resolution we have Hp(t)p(t) = 1
where p(t) = t9 — 23: 19+ % 0 — 23: t"* +1. Since D is infinite dimensional,
p(1) = 0, and so Z;”t = 4. A:l;o, siricztel A is a homomorphic image of D and
GKdim(A) = 3, it follows from [13] 8.2.2 that GKdim(D) > 3, which means
that p/(1) = 0 and p”(1) = 0. Since z is not superfluous in D it is clear that
D requires defining relations which are congruent to f; and f; mod z, and so
we may let 01 = py + 2o and dy = 2y + p2. Then 0 = p'(1) = 3ug + 3p2 +
03 + 64 — 2g. It follows from Gorenstein symmetry that d3 = g — uy — 2us and
04 = g — 21 — piz. Therefore 0 = p"(1) = 817 + 16411119 + 8115 — 4pnng — Apiag +
290 — 202 = 2(2py + 2p9 — @) (2 + 2 + o — g). Since a < py + 2us we
conclude that g = o + 2y + 2us, 03 = a4+ 1 and 4y = @ + po.

Once we know there are four relations of degrees p; + 2uo, 21 + o, p1 + «
and ps + « we may pick (r1,79)" = F4+ Ez, r3 = x12 — zx1 and 1y = 292 — 29
as generators for I.

Now suppose that z is a superfluous generator, which means o € {pu; +

2p2,211 + p2}. In this case a minimal graded projective resolution of the
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trivial left D module & must have the form:
m 2
0 — D|—g] — EBD i — g — @ D[-5) — @ D[] — D—k
= i=1

Here the Hilbert series for D is given by 1/p(t) where p(t) = t9 — f:ltg_’” +
Z % — Z thi + 1. Again p(1) = 0, and so m = 2. If & = 23 + pe, D must
have a rélatlon of degree p; + 2us, and p'(1) = p”(1) = 0 implies dy = a + py.
In this case I is generated by r and r3. If @ = py + 29, D must have a
relation of degree 2u + pg, and p'(1) = p”(1) = 0 implies d; = a + po. Here I
is generated by ry and r4. In either case, g = 2u1 + 219 + « as before.
Whether or not z is a superfluous generator, the set {r, ..., 74} will generate

I, and we may write D = T/(ry, ..., 14). O

One consequence of the proof of Theorem 3.7 is that if D is AS regular, then
P’ is a resolution of k, although as we saw in the proof of Propostion 3.4 this
resolution is minimal only when z is not superfluous. From here on we assume
that D = T/(ry,...,r4). The proof of the following lemma is identical to that
of Lemma 3.5 in [2].

Lemma 3.5. P is exact at P!, P° and k.
Now we show that if P’ is a resolution of k, then GKdim(D)=4.

Proposition 3.6. Suppose D = T/{ry,r3) and pk has a projective resolution

of the form:

0 — D[—g] & @D[Ni — g S DA - P D) 2 DSk

i=1 i=1

Then GKdim(D) = 4.

Proof. The resolution implies that D has the Hilbert series

3
Hp(t) = Ztngth‘; o4 1)7!
i=1

= (1 = 1) = 1) — (e - 1)

As in [14], we know GKdim is the order of the pole of Hp(t) at 1 and so we
have GKdim(D) = 4. O
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3.2. Extensions.

Recall that T = k(xy,xo,2) /{x12 — 21, X2 — 29).

Theorem 3.7. Let A= D/(z) be a global dimension 3 AS regular algebra of
type (a,b) defined by relations F' = MX where X'M = q(F). Let z € D,
be central. Write D = T/(ry, 1) where (r1,75)' = F + Ez for E in T?. The

following are equivalent:

(1) D is an Artin-Schelter reqular algebra (of global dimension 4).
(2) z is a regular element of D.

(3) z is a (2b+ 2a — «)-regular element of D.

(4) ¢(E)'X = X'E in D.

Remark 3.8. Note that the degree of X'E is 2a; +2b— « so that if a > b the
equality in condition (4) exists in degree below that of the defining relations

for D. Consequently, if @ > b, one can verify the equality ¢(E)'X = X'F in
T.

Remark 3.9. Since the defining relations for D have degrees b+ 2a and 2b+a,

the element z is automatically n-regular for all n < b+ 2a — «.

Proof of Theorem 3.7.

(1) = (2): Since z is central in D and D/(z) is Noetherian, D is also Noe-
therian. By theorem 3.9 in [7], Noetherian AS-regular algebras of global di-
mension four are domains, and hence z is regular in D.

(3) = (4): The relations for D are given by M X + Ez, hence in D? we
have M X = —Fz. This implies that X'MX = —X'Ez and that ¢(MX) =
—q(Fz) = —q(F)z, since z is central. But X'M = ¢(MX)", and so ¢q( M X)'X =
—X'Ez which means ¢(E)'Xz = X'Fz. Now X'E € D94 o and 2 is
(2b + 2a — a)-regular in D, so z can be canceled to get q(F)'X = X'E.

(4) = (1): We prove this in three steps. First we show that P"is a complex.
Then we show that m(P°) is exact at 7(P?) and 7(P?). Finally, we prove by
induction that P°is exact and z is regular.

Step One: We show that P’ is a complex. By Lemma 3.5, it suffices to see
that 2y =0 and v¢ = 0.

Oy = (=X"2+2X", X'M + zq(E)")
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Since z is central, —X'z + 2X* = 0 in D% Notice that XM + zq(E)! =
qMX) +q(E)z=q(MX + Ez)"!=0in D, and so Qv = 0. Now consider
6= —zM + Mz —2FE - MX
T\ XM+ ¢(BE)z X'E—q(E)X
By condition (4) we have X'E — ¢(F)'X = 0 in D, and all other entries are
clearly zero. Therefore y¢ =0 in D.

Step Two:
We show that w(P°) is exact at w(P?) and 7(P?). Since P°is a com-

plex, 7(P°) is also a complex. Let (a,b,c) € w(P?) such that (a,b,c)y =
(cx1,cxa, (a,b)M + cq(E)') = (0,0,0,0). Since A is a domain, ¢ = 0, and so
(a,b)M = (0,0). Since S"is exact at S?, (a,b) = dX* for some d € A and so
(a,b,c) = d2. Thus m(P’) is exact at 7(P?). To see that 7(P") is exact at
7(P?), let (a,b,c,d) € w(P?) such that

(a,b,c,d)p = ((a,b)M, (a,b)E — cxy — dxa) = (0,0,0)

Since (a,b)M = (0,0) and S* is exact at S?, (a,b) = gX' for some g € A.
Now 0 = gX'E — (¢,d)X = (9q(E)" — (¢,d))X. Since S* is exact at S*,
gq(E)t — (¢,d) = (h,l)M for some (h,l) € A% or (¢,d) = gq(E)" — (h,1)M and
so (a,b,c,d) = (=h,—1,g)7. Thus 7(P") is exact at 7(P?).

Step Three: We now show by induction that P’ is exact and z is regular. By
Lemma 3.5 P, is exact at P and P! Vn, so P, is exact for n < 1 since P! =0
if i > 2 and n < 1. Also, z is clearly m-regular for all m < 0. Since a > 1
we have established our base case that P,__, is exact and that z is m-regular
for all m < 2 — a. Now assume inductively that P, is exact and that z is
m-regular Vm < n. We will show that P, is exact and z is n-regular.

Recall that (u1, po, u3) = (a,b, ), g = o+ 2u1 + 2u9 and (91, 2, d3,04) =
(1 + 2p9, 201 + p2, @ + py, 0 + p2). We have this canonical commutative
diagram:

P! P3 P? P!
0— Dl-g] -5 @1, Dlui—g - &L D8] - @, D[—pi]

Lo L

Py L m(P?3) 2. x(Py) % p(pYy
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(i) The complex P, is exact at P2, : Let u be in P2

n+oa* n+o

such that u¢ = 0.
Then 7(u)$ = 0 and 7(P°) is exact at 7(P?) by step two above, so there
) with o = 7(u). Let v be in P3

exists v € (P2, , 3 o With m(v) = 0.
Then 7(u — vy) = 0, so u = vy + zw for some w € P2 Now 0 = u¢ =
(vy + zw)d = z(wg), but wp € Py = D,y & Dyy_pyy ® Dy and z s
m-regular for m < n, so w¢y = 0. By our inductive hypothesis P, is
exact, so there exists w’ € P? such that w'y = w, and so u = (v+2zw')7y.

(ii) The complex P, is exact at P2, : Let u bein P3

such that uy = 0.
Then 7(u)y = 0 and 7(P°) is exact at 7(P?), so there exists v €
m(PL.,) with 9Q = 7(u). Let v be in P2, with w(v) = ©. Then 7(u—
v§2) = 0, so u = vVQ+zw for some w € P2. Now 0 = uy = (vQ+zw)y =
z(wy), but wy € P2 = Dy_apy—y @ Dy py—20 ® Doy ® Dy
and z is m-regular for m < n, so wy = 0. By hypothesis P is exact,
so there exists w’ € P} such that w'Q = w, and so u = (v + zw)Q.

(iii) The complex P, is exact at P}, : Let w be in P, such that uQ) =

n+a ntao* n+ao
(uzy, uzs, uz) = (0,0,0). Since Py, = Dy_9,_2,, and z is (n — 2ps —

2p1)-regular, we have u = 0.

Therefore P,
Lemma 3.3, and so by induction z is regular and P"is exact. This implies that
gldim(D) = 4 and that D is Gorenstein. By proposition 3.6 GKdim(D) = 4,
and so D is AS regular. O

. 1s exact. Since z is m-regular Vm < n, z is n-regular by

4. EXTENSIONS OF ALGEBRAS WITH THREE GENERATORS

Throughout this section A is of type (a,b,¢), X = (21, %9, 23)" and py = a.
Let 0, = a+ a, 65 = b+ a and dg = ¢+ a, so that d4, 05 and dg are the degrees
of the three commutation relations which make z central. Let | = a+a+b+c.
Let P® be an augmented sequence of graded, projective left D modules of the

form:

Pt p3 P? Pt PY
0— D[] o @iy Dlps — 1] — @i, D[] R @i D[~ =D Sk
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M E
with the usual graded augmentation map € and matrices ¢ = ('Z) 2 8 Ly
00 =
-z 0 0
v 8 _()Z _Oz M , and Q = (21, 2,23,2). The degree n part
X' a(E)'

of this sequence will be denoted by P,.

Let 7(P") be the sequence of D modules:

m(PY) m(P?) m(P?) ) m(Ph) m(P?)
A S @ Al -1 5 @ A=) S @l Al-u] 5 A
0 00
with matrices Q = (21,29, 23,0), 7 = 8 8 8 M , and ¢ =
Xt q(B)
M E

RO Notice ¢ = m(¢), © = n(Q) and 5 = n(y)

000 —x |- Noticep=m(0),d=m and v = (7).

0 00

4.1. Preliminary Lemmas.

Remark 4.1. If o = deg(z) > b+ ¢ then D is the polynomial extension
Alz] and so is always AS regular. Therefore we consider elements z of degree
a<b+e

Notice that remark 3.2 and Lemma 3.5 apply to algebras of type (a, b, c) as
well as to those of type (a,b).

The following Proposition ensures that if D is an AS regular algebra then we
can write D = T/(ry,...,r) where (r1,79,73)' = F + Ez, ry = zx1 — 112,75 =

2y — Toz and rg = zx3 — T3Z.

Proposition 4.2. Let deg(z;) = w; and deg(z) = «. Suppose D = T/I is
AS regular of global dimension 4 with I = (ry,...,T"m_o = 2T1 — T12,Tp_1 =
2Ty — XToZ, Ty = 2T3 — T3Z), such that r; = f; mod z where f1,fo and f5 are
the three relations in A. Then there exists a choice of the relations r; so that

m=6.
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Proof. We first consider that case that z is not a superfluous generator. A
minimal projective resolution of the trivial left D module k£ must have the
form:

0— D" — D" — D" — D' — Dk

It follows from the Gorenstein condition that the minimal resolution of k£ must
be ‘symmetric’ so that ny = 4 and ny = 1. Now let g be a postive integer so
that the following is a minimal graded projective resolution of the trivial left

D module k:
0 — Dl~g] — @ Dlps — gl — P DI~8] —  Dl—pu] — D—k

i=1 i=1 i=1
Let Hp be the Hilbert series of D. Then Hp(t)p(t) = 1 where p(t) = t9 —
Z t9—H 4 Z T i t* + 1. Since D is infinite dimensional, p(1) = 0 and
SO m 6 Slnce GKdlm(D) > 3, p'(1) = 0 and p”(1) = 0. Since z is
not superfluous in D it is clear that D requires defining relations which are
congruent to fi, fo and f3 mod z, and so we may let 0; = b+ ¢, do = a+ ¢ and
903 =a+0b. Then 0 =p'(1) =2a+2b+ 2c+ d4 + 95 + ¢ — 3g. It follows from
Gorenstein symmetry that 0, =g —b—c¢, 05 =g —a—cand 66 =g —a —b.
Therefore 0 = p”(1) = 2a* + 4ab + 2b* + 4ac + 4bc + 2¢* — 20 — 2ag — 2bg —
2cg+2a9g=2(a—a—b—c)(g—a—a—b—c). Since a < b+ ¢ we conclude
that g=a+b+c+a,ds=a+a, ds=a+band 5 =a+ c.

Once we know the degrees of the six relations we may pick (rq,79,73)" =
F+ Ez ry=mx12— 221, 15 = Toz — zx9 and rg = x32 — 23 as generators for
I.

Now suppose that z is a superfluous generator, which means o € {a+b, b+
¢,a + c¢}. In this case a minimal projective resolution of the trivial left D

module &£ must have the form:
m 3
0 — D[—g] — EBD i — 9] — @ D[-0] — D D[] — D—k

i=1
3

Here the Hilbert series for D is given by 1/p(t) where p(t) = t9 — Y t97Hi 4
i=1

Zt5 Zt‘“—f—l Again p(1) =0, and so m = 4. If &« = a+ b, D must have
=1 =
relatlons of degree a+ c and b+ ¢, and the Gorenstein condition together with

P(1)=p"(1) =0imply 3 =a+a,dy =a+band g =a+ b+ c+ «. In this
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case [ is generated by 71,79, 74, and r5. The cases that « = a+cand a =b+c¢
are symmetrical.
Whether or not z is a superfluous generator, the set {r, ..., 76} will generate

I, and we may write D = T/(ry, ..., 7). O

Now we show that if P"is a resolution of k, then GKdim(D)=4.

Proposition 4.3. Let g = a +a+ b+ ¢ and D = T/(ry,r4,73) and suppose

pk has a projective resolution of the form:

4 6 4 :
0 — D[—g] % P Dl — 9] = P D8] - P Dl—p] 2= D Sk
=1 =1 =1

Then GKdim(D) = 4.

Proof. The resolution tells us that Hp(t) = [(t* — 1)(t® — 1)(¢t¢ — 1)(t* — 1)]*
is the Hilbert series for D and hence GKdim(D) = 4. O

Lemma 4.4. If P, is exact and z is m-reqular Vm < n, then z is n-reqular.

3 3 6
Proof. By exactness: d,., = d, + Zdnw—m — Zdn+0¢_6i — dea_(;i +
i=1

i=1 =4

3
Zdn_a_b_cﬂi + dpra—a-bc — dn—a—b—c + 0. By 3.2 applied to dpia—p,,
i=1

dpta—s, and dptq—q—p—c and by 2.3 we get

3

3 6
dn+a - dn + Z(dn—m + an—&—a—,ui) - Z(dn—&- + an—&—a—&-) - Z dn+a—6i+
i=1 =1 =4
3

n—+ao
Z dnfafbchr,ui + dnfafbfc + Apto—a—b—c — dnfafbfc + 50
i=1
3 3
— n+o __
- dn + Z Apto—p; — Z Anta—6; + Gnta—a—b—c T 50 - dn + Gpta

i=1 =1

as required. O

4.2. Extensions.

Theorem 4.5. Let A = D/(z) be a global dimension 3 AS regular algebra of
type (a,b, c) defined by relations F = M X where (X'M)" = q(F). Let z € D,
be central. Write D = T/(ry,r9,73) where (r1,r9,73)" = F + Ez for E in T?.
The following are equivalent:

(1) D is an Artin-Schelter reqular algebra (of global dimension 4).
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(2) z is a regular element of D.
(3) z is an (a + b+ ¢ — a)-reqular element of D.
(4) X'E =q(E)'X in D.

Remark 4.6. Note that if « > b+ ¢ then £ = 0 and D is a polynomial
extension. If a > ¢ then the equality in part (4) holds not only in D but also
in T. Unless z is a superfluous generator, D is a quantum polynomial ring in
4 variables as defined in [12], section 3. If a & {a + b,b+ ¢,a + ¢} then z is

certainly not superfluous.

Proof of Theorem 4.5.

(1) = (2) and (3) = (4) are the same as in the proof of Theorem 3.7, only
here X'E € Dyypre—a- (4) = (1) follows the same three steps as in the proof
of Theorem 3.7. In the third step we apply induction to this commutative
diagram:

pt pP3 p? p!
0— D[-g] -5 @L, Dlui—g - &L D8] - @, D[—pi]

Lo L

Py L w(P?) X x5 x(PY

Recall that (w1, po, 13, 3) = (a,b,¢, ), g = a + pq + p2 + pg, and

(01,02, 03,04,05,06) = (b+c,a+c,a+b,a+ a,a+ b,a + ¢). By Lemma 3.5
P: is exact at PY and P! Vn, so P, is exact for n < 1 since P! = 0 if i > 2
and n < 1. Also, z is clearly m-regular for all m < 0. Since a@ > 1 we have
established our base case that P,  is exact and that z is m-regular for all
m < 2 — a. Now assume inductively that P, is exact and that z is m-regular
Vm < n. As before, we conclude that P, , is exact, and since z is m-regular
for all m < n, z is n-regular by Lemma 4.4. Therefore by induction z is regular
and P’ is exact. This implies that gldim(D) = 4 and that D is Gorenstein.
By proposition 4.3 GKdim(D) = 4, and so D is AS regular. A

5. EXAMPLES

Example 5.1. We now return to the algebra A(4) discussed in section 2.
Here we consider two seemingly similar central extensions, although in fact

only one is AS regular.
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Let z have degree 4 and define the algebras D and D’ as follows:

D- k(z,y, 2)
<I'Z —2T,Yz — Zy7f1 + 2$Za f2 + (1 - Z)Z>
. )

<$Z — kT, Yz — z2Y, fl — Iz, f2 + (1 - Z)Z>
Notice that both D and D’ are central extensions of A. We have F =
2z

1_i | and £’ = ). Recall that the function q is given by

1—2

q<u>_<iu+20x>

v v

Since q(E)'X = 22° +y — iy = X'E, part (4) of Theorem 3.7 tells us that
D is AS regular and z is not a zero divisor in D. In contrast, ¢(E')'X =
202 — 3ix® +y — iy and X'E' = y — iy — 22 so that D’ is not AS regular and
z is not even 2-regular in D’. In fact, z annihilates z? since in T,

6207 = (i — )ryw — (i + Dary + 2(1 4+ 4)rox? + (i + Dray — (i + 1)yry

and so zx? =0in D’.

Example 5.2. Here we consider the family of quantum polynomial rings dis-
cussed in [12], example 6.3. The algebras are generated by elements x, y and

w of degrees 1,1, and 2 respectively, with the defining relations:
fi = wy —iyw — toy® — tizy® — tox’y — 2®
fo = wx +izw + iy + toxy? — itix’y — tox®
f3 =yx —ixy,
where 7 is a square root of —1 and t; € k. Choose a new basis I’ for the
defining ideal by taking fi = fi +ta(fsz — xf3) +ita(fax +xf3), fo = t1(fzr +
iz f3) — toyfs — ifs and f} = f3. Our new relations are:
[ =wy —iyw — toy® — tiwy® — 2° + tao(iya” + ix’y + ya®)
fo = 1w —fwx + y? 4 toix® + tiyr® + to(iyry — ixy? — y2:c)
Letting X = (z,y,w)", we write F/ = M X to find

ta(i + 1)yx — 22 w — toy? + toin? — tixy  —iy
M = | tiyx — toy? + tyiz? —iw y? + toi(yxr — zy) x
Y —iT 0
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We now compare M X and X*M to find ¢. Since

to(t + Dayr — 23 + tiy’e — toy® + taiyr® — iyw + wy
(XM = | zw — tozy? + tyix® — t12%y + y° — toiyzy + toiy*r — iwz

YT — 1Y
the function ¢ is given by the formula
s s + t1(ivy + yv) + to(zv — va)
gl v | = u+to(l+19)(yv—vy) —t1(ve + izv)
v v

There are many choices for E so that X'E = ¢(FE)'X. Without placing any
restrictions on the scalars tg, t; or o, we can construct a family of AS regular
central extensions as follows: Let deg(z) = 1 and let gi(x, z) and g¢s(y, z) be

any homogeneous polynomials of degree 2. Set
r= fi 4 (91(%, 2) 4+ tsy® + tayz + tswy + (tsi + te — tei)yx)2
re = f3+ (92(y, 2) + tex® + tawz + trwy + (t7i + ts — t3i)yr)z

where t; € k. Now we define the algebras D as
k{z,y,w,z)

D =
(xz — ZX, Yz — ZY,WZ — ZW, T, T2, f3>

Notice that D is a central extension of our original algebra. In this case

g1, 2) + t3y® + tayz + tszy + (tsi + t6(1 — i)y
E=| ga(y,2) +tex® + taxz + tray + (t7i +t3(1 — i)y
0

and one can check that in D the equality X'E = ¢(F)'X holds. In fact, if
t; = 0 for ¢ = 3,5,6,7 this equality holds in T. In all cases, z is a regular

element of D and D is an AS regular algebra of global dimension 4.
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